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ABSTRACT 


Application of relativity formulas for x-ray doublets to ultra-violet spectra.— 
Evidence has been presented which indicates that many of the strongest 
lines in hot spark spectra are due to atoms stripped of all valence electrons 
excepting the one which in jumping between energy levels emits the radiation. 
For the L doublets due to atoms with but one L electron, Li(+), Be(2+), 
B(3+), C(4+), it is found that the frequency difference varies with atomic 
number Z in accordance with the relativity formula for x-ray doublets 
Av=K(Z-—s)‘, the constant K being .365 for the regular L series, and the 
screening constant s decreasing from 2.02 for Li(+) to 1.86 for C(4+). Other 
L doublets are attributed to atoms stripped of all but three L electrons, the 
same formula holding but giving values of s about 20 per cent greater. In 
the case of triplets, the frequency differences of the widest pairs give values of 
s for atoms stripped of all but two or four L electrons which agree well with values 
for only one, three or five L electrons, though tending to be somewhat greater. 
Similarly from M doublets and triplets (K =.108) of C and N, values of s were 
obtained for atoms with from one to three L electrons slightly greater than 
from the corresponding L lines. In the case of atoms with only one M electron, 
the values of s decrease from 7.45 for Na(+) to 5.74 for P(5+), corresponding 
values of s from N, O and P series of doublets being slightly larger; for atoms 
with only two M electrons (widest pair of triplets) and with only three M elec- 
trons (doublets) the values of s vary up to about 9. For doublets corresponding 
to outer transitions 3d,—3d,, 4d,—4d, and 4f,—4/, the values of s come out 
close to10. In the case of irregular Land M doublets corresponding to transitions 
from the 2s and 3s levels, the law for corresponding x-ray doublets also holds, 
the differences (./vs—/vp) increasing regularly and not very greatly with Z. 
All these facts are shown to agree well with what should be expected according 
to the Bohr-Sommerfeld theory; and the values of s give quantitatively the in- 
fluence upon the effective nuclear charge of the addition of electrons in the 
valence shells. New series terms. The above relations enable the value of s for 
a given series for a given ionized atom to be predicted, and led to the discovery 
of an L doublet at 41240 due to N(5+), and to the assignment of the following 
L doublets: 4990 to N(3+), 41493 and 1744 to N(+), A789 and A658 to O(4+), 
and A922 to O(2+). These results give us a mew method of predicting spectra 
and of determining the state of ionization of atoms emitting certain lines. 

Doublet frequency differences in extreme ultra-violet for 2.—2p, terms 
due to B(3+) and C(4+) were measured by use of a special grating giving 
up to ten orders. 
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1. INTRODUCTION 


N a recent paper we have brought forward evidence that many of 

the strongest lines in our hot-spark spectra are due to ‘‘stripped atoms,”’ 
i.e., to atoms completely denuded of valence electrons save for the one 
which in jumping between different energy levels produces the radia- 
tion. Such atoms, because of the identity of their structure with the 
alkali metals must have, like the alkalies, two p levels and consequently 
must have lines the fine structure of which is that of a doublet. 

In order to study the fine structure of the extreme ultra-violet lines 
which we have recently been engaged in bringing to light and classifying, 
it was necessary to obtain higher resolving power than had heretofore 
been used in this region. A special four inch grating of one meter focus 
kindly ruled for us by Dr. J. A. Anderson of the Mount Wilson Observa- 
tory in accordance with the method which we have previously described, 
was found to yield excellent spectra of our extreme ultra-violet lines in 
all orders up to and including the seventh, eighth, and even tenth, and 
enabled us with the use of a slit but .02 mm wide to obtain the separation 
of doublets no more than .15 A apart with an accuracy of about .01 A. 
Moreover, the discovery of a whole series of stripped atoms gave us the 
first good opportunity to compare in the optical region the spectra of 
atoms of identical structure but varying nuclear charge. Such atoms 
might be expected to reveal some regular progression of spectra with 
atomic number not unlike that shown in the x-ray field where the struc- 
tures are also similar—in this case, however, because of the identity of the 
inner electron shells. 


2. CHARACTERISTICS OF THE REGULAR L DOUBLET IN A 
ONE-ELECTRON SYSTEM 


One particular group of stripped atoms which we had definitely brought 
to light was the following: Li;, Ber, Brrr, Cry.* The separations of the 
characterisitic doublets of lithium and beryllium (Li; and Bey) were 
obtainable from the literature.'| We measured the By; and the Cyy 
doublet separations, the former upon three different lines, the latter 
only upon the first line of the principal series at \=1550A, and thus ob- 
tained the first four numbers of the second column of Table I. 

In seeking to find the law of progression of doublet separation we 
noticed that the fourth roots of the successive separations were in the 
_ ratios 1, 2, 3, 4, and accordingly were led to try out the relativity formula 
* Li:, Ben, etc. mean singly ionized Li, doubly ionized Be, etc. 


1 See Fowler’s report on Series in Line Spectra, p. 96, and Paschen-Gétze’s Serien- 
gesetze der Linienspectra, p. 71. 
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for the doublet separation which works so amazingly well in the x-ray 
field and which we had also found to work well in predicting the doublet 
separation of the Mg Ly Liz level and Ca My; Myz; level.? 

It will be recalled that the form of the relativity-doublet separation 
for the Ly Li levels is* 


Av=.365 (Z—s)* (1) 
and that for the My; My levels 
Av=.108 (Z—s)*. (2) 


Using this formula to compute the value (Z—s) we obtained the first 
four numbers in the third column of Table 1. The fourth column headed s 
was then obtained by subtracting the numbers in the (Z—s) column from 
the successive values of Z (the atomic number), namely 3, 4, 5, 6. If the 
two electrons of the K “‘shell”’ acted exactly as though they were in the 
nucleus itself, the numbers in the s column should of course all be 2. 


TABLE 1 
Regular L and M doublets, one-electron systems 




















2ps—2pr 3p2—3p1 

a» V/s s dk» V/s s 
Lit 338° «9812.09 
Ber, 6.61 2.063 1.937 
B,,, 34.4 3.116 1.884 
rom 107.4 4.142 1.858 31.4 4.128 1.872 
Ny 250.1 5.162 1.838 








They will be seen in all cases to be close to 2. That there is a regular 
progression in the value of s from 2 to about 1.84 as Z increases is to be 
expected from the necessary diminution in the perfectness of the screen- 
ing of the nucleus by the two K electrons as the ratio of the distance 
from the nucleus to the outer L electron to the distance from the nucleus 
to the K electrons decreases. This ratio actually decreases from 12 to 1 
for Li; to 6 to 1 for Cry.‘ 

The application of the M doublet formula to the separation Av = 31.4 
of a pair of carbon lines at 5812 and 5801, which Fowler had already 
tentatively inferred might correspond to Cry gave, as shown in columns 
5, 6, 7, almost exactly the same value of s as had been obtained from 
the L doublet. 


? Millikan and Bowen, Phys. Rev. 23, pp. 13 and 21 (1924) 

3 See Sommerfeld’s Atombau etc., 1923, English ed., Eqs. (6), (7) and (8) pp. 476- 
479; also p. 498, et seq. 

‘Since in the ideal case the distance from the nucleus is given by @,=n°a/z¢4, 
for Li a for the L electron is (4/1)a; while for the K electron it is 4a, i.e. the foregoing 
ratio is 12to1. For Cry on the other hand a for the L electron is (4/4)a, while for the 
K electron it is (1/6)a:, i.e. the foregoing ratio is 6 to 1. 
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In next seeking in the hot spark spectrum of nitrogen for a doublet 
which might be the first term of the principal series of the stripped nitro- 
gen atom, we found by a method to be considered later that this was to 
be expected at about 1240 A. Since we had taken no plate using high 
resolution in this region we sought the second order of the doublet at 
about 2480 and found a nitrogen pair which on the assumption that it 
was of the second order gave the Avand the s shown under Ny in the table. 
There is thus brought to light a new procedure for the prediction of spectra 
and for the identification of the state of ionization of the emitting atom. 
This procedure will be shown in the following to be exceptionally effective. 


3. THE REGULAR L DOUBLET IN A 
THREE-ELECTRON SYSTEM (B; Cy: Ny Ory) 


The so-called Sommerfeld Law of Exchange states that all systems 
possessing an odd number of electrons, 1, 3, 5, etc., produce doublets 
while those possessing an even number give rise to triplets. The doublet 
due to the boron atom when possessed of three valence electrons (B;) 
had already been recognized and its separation for the pair at 2497 
found’ to be Av=15.3 while our own measurements on the pair at 2089 
had given Av= 15.8 and on that at 1826 Av=16.2. We took as the weighted 
mean 15.55 and then applied the L relativity formula precisely as in 
column 3, Table I, and obtained the results shown in the first row of 
Table II. That the value of the screening s here comes out 2.45 in place 














TABLE II 
Regular L and M doublets, three-electron systems 
- 2p2—2p1 3p2—3p1 
Av V Av/. 365 Ss “Av Av/.108 Ss 

B, 25.55 2.555 2.445 
ol 66.76 3.678 2.322 10.8 3.161 2.839 
Nin 179.3 4.708 2.292 36.04 4.273 2.727 
Ow 398.4 5.748 2.252 











of 1.88, its value for By, is to be expected since the two additional 
valence electrons in B; must exert mutual repulsions and thus decrease 
the effective nuclear charge; indeed the difference gives the first direct 
measurement of the influence upon the effective nuclear charge of the addi- 
tion of electrons in the valence shell. 

Again we had already identified the 1335 carbon doublet as belonging 
to Cy; since there was nothing but Cy and Cyy for it to belong to and its 


5 Fowler, Report on Series in Line Spectra, p. 155. 
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doublet separation was not correct for the latter,® (see Table 1). Applying 
the relativity doublet formula to it as in column 2, Table I, there resulted 
the data given under Cy; in Table II, the value of s coming out 2.322, 
precisely where it would be expected to come from the progression shown 
in the s column of Table I. It may be noted that the carbon line at 1036 
is a doublet having the same separation as has 1335, and it is accordingly 
at once assignable to Cyr. 

Next, having already analyzed under high resolution the small number 
of ultra-violet lines due to nitrogen it was only necessary to try out the 
relativity formula upon the separations of the two doublet separations 
which alone had been found in nitrogen, namely the Av=179.3 belong- 
ing to the pair at 990, and the Av=85.3 belonging to the pairs at 1493 
and 1744. The first mentioned pair gave the results shown under Nyy 
Table II, while the second separation fits into the results given in Table 
III for Ny. These results begin to show the fecundity of this method for the 
discovery of the nature of the atomic sources of given spectral lines. 

It is perhaps worthy of remark that the wave-lengths of the doublets 
at 1493 and 1744 are also inconsistent with their assignment to Nur. 
For in By, Cir, Nu we are dealing with identical structures save that 
the effective nuclear charge is progressing regularly from B,; to Nyt. 
The corresponding wave-lengths should therefore progress systematically 
toward the violet. The strong lines in B; are around 2000 A, those in Cy, 
around 1300 so that, of the measured nitrogen doublets, the one at 990 
is alone consistent with this progression. 

Our preceding study of oxygen lines’ under high resolution had re- 
vealed but one strong doublet, namely that at 787.74, 790.22, which 
also falls in about the position to be expected of an Oyy doublet from the 
proceeding progression. When the L relativity formula was applied to 
the separation of this doublet the results shown under Oyy in Table II 
were obtained. There is also another weak oxygen pair at 656.7, 658.4 
which has this same separation and is therefore also a part of the Ory 
spectrum. 

The striking similarity in the progression of the values of s in Tables I 
and I is at once apparent and fits beautifully into the theory already given. 

When the My Min relativity formula Eq. (2) is applied to the doublet 
separation® Avy=10.8 which Fowler has already assigned to Cy; and to 

6 Fowler does not include the 1335 line among his C;,; lines, but recent measurements 
in 4th and Sth orders show that it has the same doublet separation as the 1036 line, 
instead of the different separations which Simeon inferred from his lower resolution, and 
hence it must be included among the Cy, lines. 


7 Bowen and Millikan, Phil. Mag., 1924 
* Fowler, Report on Series in Line Spectra, pp. 163 and 165 
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the further doublet separation Av = 36.04 which he has assigned to Nir, 
we obtain the numbers shown in columns 5, 6, 7 of Table II. 

The fact that the values of s computed from the M doublets for 
Cir Nim are considerably larger than the values computed from the L 
doublets, while in the case of Cyy, Table I, the M and L doublets yielded 
nearly identical values of s, finds very beautiful interpretation in terms 
of the shapes assigned to the respective orbits in the Bohr-Sommerfeld 
theory. For in Cy, for example, the M orbit is an ellipse which carries 
the electron revolving in it far out beyond the L orbits in which the other 
two valence electrons are found, and in consequence in this outer portion 
of its orbit the M electron is quite effectively screened from the nucleus 
by these other two valence electrons. This pushes up the value of the 
screening constant s beyond its value when the three valence electrons 
are all in L orbits and hence are never more than partially screened by 
their other two L neighbors. In the case of Cry, however, whether the 
single valence electron is in the L or in the M orbit it is always far 
outside the region occupied by the two K electrons and hence experiences 
nearly complete screening in both cases. 


4. REGULAR L DOUBLETS IN FIVE-AND-HIGHER-ELECTRON SYSTEMS 


The doublet arising from N; has been referred to in the preceding. 
Its separation taken from the lines at 1493 and 1744 when substituted 
in the L relativity formula yields the values shown in Table III. There 
are here five electrons influencing one another in the L shell, and it will 
be seen that the screening s has risen as it should to 3.09. The Oy; doublet 
shown in this table is somewhat uncertain for it corresponds to a weak 


TABLE III 
Regular L doublets, five-electron systems 








2p2—2pi 
Av V Av/.365 5 


N, 85.3 3.910 3.090 
O,, 240.0 5.064 2.936 














pair at 921.1 and 923.1 published by us in connection with our exploring 
work and not strong enough to get with the use of our apparatus of high 
resolving power. Though the separation has not been determined with 
precision, the value of s fits quite satisfactorily into the scheme of pro- 
gression of this quantity shown throughout our tables. Since in general 
the value of s starts high with small values of the effective nucleus and 
diminishes toward a limit as the effective nuclear charge increases, for 
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this five valence electron structure this limit may be estimated to be 
near 2.8 as compared with the 2.2 and 1.8 values for the three and the 
one electron systems, respectively. 

For the eight-electron system constituting the completed L shell we 
have previously found® by applying the relativity equation to our data 
on the L doublet of Mg, and to Grotrian’s data on the same doublet in 
neon, the values 3.1 and 3.2, respectively. All of these foregoing values 
of s are nicely consistent both with one another and with the fact that, 
when there are a whole group of shells completely filled with electrons, 
as is the case with atoms of high atomic number, the value of s which 
fits all the x-ray data obtained with such heavy atoms"® is 3.5. 


5. THe IRREGULAR L DOUBLET IN OPTICAL SPECTRA 


Having found that the formula for the Ly; Li doublet in the x-ray 
field, i. e., the regular or relativity doublet, holds perfectly in the field 
of optical spectra, it is natural to try also in the latter field the validity 
of the law governing the irregular x-ray doublet, Ly Lu. This law was 
discovered by G. Hertz." Stated graphically, it consists in the assertion 
that on the Moseley diagram the line corresponding to the series of L 
levels runs parallel to the line corresponding to the series of Lyi levels. 
This means that /71—+/v11=constant. This law follows simply from 
the elementary Moseley equation 

v/R=(1/n*)(Z—o)? (3) 
where the screening constant” ¢ is assumed to take on two different values 
a, and o (representing the different amounts of screening experienced 
by electrons in the two different orbits), and the difference between these 
constants ¢:—02 is, altogether naturally, assumed to be the same for 
different elements." It follows simply from this law that the difference 
Av of the wave-numbers of the irregular doublet increases linearly with 
the atomic number, while in the regular doublet it increases as the 
fourth power." 

Now in the optical region since the Ly; Ly levels correspond to the 
2p2 2p; levels there is nothing for the L; to correspond to save the 2s 
level, i.e., the Av of the irregular doublet should be (2s — 22). The second 


® Millikan and Bowen, Phys. Rev. 23, 1 (1924) 

10 Sommerfeld, Atomic Structure and Spectral Lines, p. 501 

11 G. Hertz, Zeits. f. Phys. 6, 84 (1921); see also Sommerfeld, English ed. p. 510 

22 In this Moseley equation it will be shown in the following paper that the screening 
constant must be given a considerably larger value than the screening constant s 
required for the relativity doublet, which in the x-ray field amounts to 3.5. 
13 See Sommerfeld, English ed., pp. 511, 512 
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column of Table IV gives our observed series of frequencies for (2s — 2 pz). 
The third column shows the linear progression of these frequencies with 
atomic number, while the fourth column shows how nearly constant is 
the difference \/v,— Vv." 

TABLE IV 


Irregular L doublets, one-electron systems 








2s—2pz 
Av Diff. Vr.—Vr, 
Li, 14903.8 39.470 
17023.8 . 
Be,, 31927.6 44.297 
16431.1 
Bin 48358.7 45.594 
16122.5 
. 64481.2 46.068 
15973.9 
Ny 80455. 1 46.276 








The fact that /v,—+/r> is not quite constant but progresses system- 
atically with atomic number is due to the same cause as the progression 
of sin Table I; for the difference in the screening by the K ring of an 
electron in the two different orbits here involved obviously must in- 
crease as the two L orbits approach nearer and nearer to the K shell. 

The behavior, then, of the irregular doublet is beautiful confirmation of 
the conclusion arrived at from the behavior of the relativity doublet that both 
of the doublet laws first discovered in the x-ray field are equally applicable 
to the whole optical region. 


6. THE REGULAR M DOUBLETS IN OPTICAL SPECTRA 


The doublet separations of the 3p terms for Nar, Mgu, Aly and Siyy 
were already available from the work of Paschen,' Fowler'® and others. 
These separations are given in the second column of Table V. The separa- 
tion of the Py doublet we had already measured.’ The application of 
the M relativity formula (2) yielded tne succession of values of s given 
in the fourth column. The altogether systematic progression of s shown 
in this column made it possible to locate what its value for Sy; would 

“4 The numerical values of these frequency levels were obtained for Be, C and N as 
follows: The p levels being hydrogen like (circles according to Bohr) have frequencies 
which when divided by 1, 4, 16, etc., give practically the hydrogen L frequency and such 
slight variations as exist can be determined by linear extrapolation from our observed 
values in boron and lithium. 


 Paschen, Ann. der Phys. 71, 142 (1923) 
6 Fowler, Proc. Roy. Soc. 103, 413 (1923) 
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of necessity be to within 3 or 4 hundredths at the most, and from this the 
doublet separation of Sy; is computable with an error of not more than 
.2 A. Also from the irregular doublet separation which, as was seen in 
Table IV, is the observed frequency, the frequencies and hence the wave- 
lengths of this doublet could be obtained. A glance at the second column 
of Table VI shows, since the linear progression at this point corresponds 
to the addition of approximately 17200, that the frequency of the 3s—3p» 
line for Sy; should be about 88670+17200= 105870. Referring now to 


TABLE V 





























| 3p2—3p1 4p»—4p, 
Av i Av/.108 s Av V Av/.0456 s 
Na, | 17.18 3.550 7.450 | 5.49 3.312 7.688 
Mg,, 91.55 5.394 6.006 30.5 5.085 6.915 
Alin 238 6.849 6.151 80.13 6.474 6.526 
Siy 160 8.076 5.924 | 162.06 7.720 6. 280 
P, 795 9. 260 5.740 
Sv 1279 10.428 5.572 
Sp2—Spi_ | Op2— Op , 
Av V Av/.0234 s Av WV Av/.0135 s 
Na, 2.49 3.213 7.787 1.50 3.246 7.754 
Mg,, 14.07 4.954 7.046 7.6 4.869 7.131 
Aly, | 39.15 6.398 6.602 
Siy | 75 7.528 6.472 41 7.421 6.579 
Bd 3d a ae 
| Av V Av/.036 5 Av b. Av/.0152 s 
Mg,, | .99 2.289 9.711 
Alin | 2.28 2.820 10.180 1.28 3.029 9.971 
| Av V Av/.0076 Ss 
Alin 38 2.659 10.341 
Si,y 1.26 3.588 10.412 


the table of the ultra-violet sulphur lines which we have previously 
published,® a line is found at vy = 105826 within a half of an angstrom of the 
predicted spot. Also the table contains another line at v= 107105, between 
which and the foregoing line there exists the frequency separation given 
under Sy; in Table V. These two lines are of small intensity, as is to be 
expected from the large number of electrons which have had to be de- 
tached in order to produce them. But the foregoing numbers illustrate 
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with how great certainty these two may be assigned to Sy; and in general 
how unerring is this method of predicting both the separation and the 
location of the doublet arising from a given type of ionization. 
Column 5 of Table V shows the 4p instead of the 3p term separations, 
and column 7 shows the values of s determined from the relativity 
formula for the Ny: N11 doublets, namely!’ 
Av=.0456 (Z—s)*. (4) 
That these values of s are nearly the same (the slight difference will 
be explained below) as those found for the 3p doublets is further evidence 
for the general correctness of the relativity equation for doublet separa- 
tions. Still further evidence of the same kind is contained in Table V 
under the headings 5p and 6. Here are found the doublet separations 
of the 5p and 6 terms as given by Paschen and Fowler and the values 
of s obtained from the relativity formula as applied to these 5p and 6p 
terms, namely, 
Av= .0234 (Z—s); (5) 
Av=.0135 (Z—s)*. (6) 
The slow, though slight progression in the value of s shown in 39, 4p, 5p 
and 6, until in the 6p terms the doublet separations become too small 
to be accurately determined, is very illuminating. 
Under the headings d.—d, and f2—f;, Table V gives the doublet separa- 
tions as obtained by Fowler and Paschen and the values of (Z—s) and 
of s as computed by the relativity formulas, namely, 


for the 3d (MiyMy) Av= .0360 (Z—s)*; (7) 
for the 4d (NiyNy) Av=.0152 (Z—s); (8) 
for the 4f (NyrNvyi) Av=.0076 (Z—s)*. (9) 


The data for the two irregular M doublets are given in Table VI. 

Since in Table V we are dealing with but one structure, namely, a 
single electron in an orbit of higher quantum number than those cor- 
responding to the K and L shells, and since this structure has both the 
K and L shell completely filled, the first with two and the last with eight 
electrons, it is obvious that if the relativity formula corresponds to physical 
reality the screening constant s must come out 10 whenever the electron is in 
an orbit which remains everywhere far outside the L shell. This last condi- 
tion is satisfied by the 3d, 4d, and the 4f terms, since these are known to be 
hydrogen-like—to use a term which is independent of all theory. This 
hydrogen-like behavior is usually explained by the assumption (to be 
discussed later) that the s, p, d, f, etc. terms correspond to azimuthal 
quantum numbers 1, 2, 3, 4, etc., respectively; for this assumption makes 


17 Sommerfeld, English ed. p. 479 











THE EXTENSION OF THE X-RAY-DOUBLET LAWS 219 


the 3d and 4f orbits circles, and the 4d orbit an ellipse which is nearly 
circular. A glance at the values of s (Table V) computed from the relativity 
doublet formula for the 3d, 4d, and 4f terms shows that they are all equal to 
10 within the limits of accuracy of the measurement of the separation of 
close doublets such as these are, their doublet separation being from but 
.O8A to .29A. 

Returning now to the values of s shown under 3), the fact that these 
are less than 10 may be taken as a demonstration that the electrons in 
these 3p orbits (which are ellipses by all types of theory) actually do 
penetrate to inner regions of the atom where the screening from the 
nucleus by the ten inmost electrons is very imperfect. Also the progres- 
sion of this value of s from 7.45 to 5.57 in accordance with the progression 
Nar, Mgu, Aliiz, Siry, Py, Sy1 is explained precisely as was the similar 
progression in Table I; that is, the screening becomes less and less 
perfect as the radiating electron draws closer and closer to the nucleus in 
comparison with the distance from this nucleus of the whole L group of 




















TABLE VI 
Irregular M doublets, one-electron systems outside K and L shells 
3s—3p: lips, 3p1 —3d; = 
Ap Diff. Vie—V vp Av Diff.  VWrp—Vva 
Na, 16956. 2 47.089 12199.5 45.649 
18713.2 23529.9 
Mg, 35669. 4 55.666 35729.4 69. 307 
18010.4 26307 .8 
Alin 53679.8 59.759 62037 .2 82.074 
17600. 2 26585.8 
Siay 71280 62.277 88623 89.382 
17390 25345 
Pe 88670. 64.115 113968 93.077 
- 17156 
Sy, 105826 65.522 











electrons. Again, that the s values under 49 are all slightly higher than 
those under 3p is due to the fact that the 4 orbits are larger than the 
3p, and hence are slightly more perfectly screened from the nucleus by the 
ten electrons in the two inner shells. 

The foregoing explanation of the progression of the values of s shown 
under 3p (Table V) accounts also completely for the progression of the 
value of (4/vyp—/va) in the (3p:—3d2) portion of Table VI. For the 
screening of the 3d orbits was found above to be 10 while that of the 3p 
orbits varies from 7.45 in Na; to 5.57 in Syx. Now since as the atomic 
number Z changes, Vrp— ./vq should be constant if the difference in the 
two screening values corresponding to the 3p and the 3d terms remained 
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constant, it must of course progress as the difference between the two 
values of s for the d terms and the p terms progresses from (10—7.45) 
to (10—5.57); i. e., it should increase in going from Nay to Sy just as 
it is found to do in Table VI. A similar cause must be responsible for the 
progression of (Vv. /v») shown under (3s— 32) in Table VI. 

Table VII shows the doublet separations and the s values computed 
from them by the relativity formula, for the similar three electron sys- 
tems Al;, Sizz, Pur. Precisely as shown in Tables I and II the addition 
of two electrons to the atoms Alri, Siry, Py treated in Table V causes 
in each an increase in s as worked out in Table VII for Aly, Sin, Pui. 

TABLE VII 


Regular doublets for three-electron systems outside K and L shells 














3p1—3p) 4p.—4p, 

ee OA: s [ke Vay/.0456 ss 
Al, 112.01 5.673 7.327 | 15.22 4.274 8.726 
Sin | 280.5 7.136 6.864 60 6.022 7.978 
Pm | 556. 8 468 ~——6 532 





Just as in the L doublets the value of s progressed from 1.8 (Table I) 
for one electron to 3.0 for five electrons (Table III), so in the M doublets, 
Tables V and VII reveal the value of s rising from 5.57 for one electron 
to 6.53 for three electrons. Continuing this same progression our former 
data® showed s for the eight electrons of calcium to be equal to 7, while 
in the x-ray field it is 8.3 for the full eighteen electrons.’* 


7. THE RELATIVITY-DOUBLET SEPARATIONS APPLIED TO TRIPLETS 


The unexpected success of the relativity formula is nowhere more 
strikingly shown than in its application to the separations of the com- 
ponents of triplets as well as doublets. Thus in Be;1, for example, Paschen'® 
gives the separation of the wider components of the 2 triplet terms at 
2.34 A. This separation substituted in the relativity formula (1) yields 
at once (Z—s)=1.591 and hence s=4—1.591=2.409. When it is re- 
membered that s for Bey; was found above to be 1.937 and that Bey; 
has an L shell containing but one electron, while Bey has one containing 
three it will be recognized not only that the relativity fourth-power law 
works well here, but also that the numerical value of s, 2.41, is about right. 
Similarly, Fowler has already given the separation of the widest pair 
of the Cr 3p triplet as Av=13.0. Applying the M doublet relativity 


'® Sommerfeld, English ed. p. 507 
1* Paschen-Gitze, loc. cit. 
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formula (2) there results s=2.69, which is altogether consistent with 
the value of s for Cy: given above, namely 2.839, for the latter system 
has one more electron than has Cy. Finally, our nitrogen triplet’ at 
1134 shows, in the case of its widest components, a separation of 44.2 
which yields with the use of the M doublet formula s=2.493, just a 
trifle below that of Cy as it should be in view of the sort of progression 
shown in all the foregoing tables. 

Table VIII shows similarly the progression of the values of Av for the 
structure C;, Ny, Or, the first C; being taken from our measurements 
on the triplet lines 1561.3 and 1010.2, the second Ny; from our measure- 
ments’ on the 916 nitrogen line, and the Oy; from our measurements’ 
on the lines at 507 and 703A. 

Since it is a four-electron group which is here being studied, the value 
of s should of course be a stage higher than its value for the three-electron 
group shown in Table II, as it is indeed found to be. Also in this three- 
electron structure of Table II the progression of s with atomic member 
has almost ceased so that it is not surprising that this progression 
scarcely appears in Table VIII. 














TABLE VIII 
Regular L triplets, four-electron systems 
2p:—2p1 
Av ar/.365 ss 
c. 27 8 2.95 3.05 
Ni 82.1 3.873 3.127 


Om 199.7 4.836 3.164 








Finally, Table IX shows a similar application of the M and N relativity 
formulas to the widest pair of the triplets of Mg, Al, Cr and Pry. 
The values of s‘in this table are all seen to be consistent with those given 
for the structure shown in Table V, which has one less electron and hence 
shows everywhere a smaller value of s. 

















TABLE IX 
Regular triplets, two-electron systems outside K and L shells 
3p1—3p1 = 4p.—4h1 
Av t’ av/.108 Ss | Av V’ Av/.v456 s 
Mg, 40.9 4.410 7.590 4.1 3.079 8.921 
Aln 125.5 5.837 7.163 29.18 5.029 7.971 
Sins 257 6.982 7.018 
7.982 
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In all of these applications of the relativity-doublet formula we have 
chosen the widest pair of the three triplet lines. It is obvious that since 
the three lines of these triplets always maintain about the same relation 
to one another as the apparent nuclear charge progresses, so far as all 
progressions or relative values are concerned, the relativity formula 
must work just as well for the other pair. Had we chosen it we should 
simply have found everywhere a somewhat larger value of s. Thus, 
in Be;, for example, this choice would simply have changed the final 
value of s obtained from 2.409 to 2.832 and similarly for the other 





























triplets. 
TABLE X 
Values of screening constant s 
From L lines From M lines 
Electrons in 
outer shell: one two* three four* five one two* _ three 
Li 2.019 —_—_- ao — — 
Be 1.937 2.41 ——_ ——- —— se — 
B 1.884 2.445 —— aa 
Cc 1.858 2.332 3.05 aa 1.872 2.69 2.84 
N 1.838 2.292 3.13 3.09 2.49 2.73 
O 2.252 3.16 2.94 
M N O P 
Electrons in 
outer shell: | one two* _ three one two* three one one 
Na 7.45 — —— 7.69 —— — 7.79 7.75 
Mg 6.61 7.59 — 6.92 8.92 a 7.05 7.13 
Al 6.15 7.16 7.33 6.53 7.97 8.73 6.60 
Si 5.92 7.02 6.86 6.28 A 7.98 6.47 6.58 
P 5.74 7.02 6.53 
S 5.57 

















*Values computed from the widest pair of triplet lines in each case. 


For convenience of reference, the values of the screening constants are 
collected in Table X, which also shows strikingly the regular progression 
of the values from element to element and from one-electron to two- 
electron systems, etc. 


NORMAN BrIDGE LABORATORY, 
CALIFORNIA INSTITUTE OF TECHNOLOGY, 


May 9, 1924. 
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SOME CONSPICUOUS SUCCESSES OF THE BOHR ATOM 
AND A SERIOUS DIFFICULTY 


R. A. MILLIKAN AND I. S. BOWEN 


ABSTRACT 


Some consequences to the Bohr theory of extending the formulas for x-ray 
doublets to optical spectra.—The extension of the laws for x-ray doub- 
lets to ultra-violet spectra has given values of the screening constant in agree- 
ment with the Moseley-Bohr formula. This extension meang_a considerable 
simplification but it implies the identification of the Lt, Lu, Lim x-ray levels 
with the s, 2, p; terms of optical series, respectively. This would make pf; 
correspond to 2,22 orbits (whereas they are always both assigned to 2, orbits) 
and would also assign both s and 2 to the 2; orbits. In this case, the screening 
constant must, contrary to the natural assumption, be much more affected by 
orientation of orbit (inner quantum number) than by the shape of the orbit 
(azimuthal number). This seems to require either discarding the relativity 
explanation of p2p; and LyLim doublets and with it all relativity effects in 
electronic orbits or introducing a dissymmetry not heretofore contemplated 
in atomic models, abandoning Bohr’s interpenetration ideas and his assignment 
of azimuthal quantum numbers. 


1. COMPARISON OF THE VALUES OF THE SCREENING CONSTANTS 


OBTAINED BY DIFFERENT METHODS 
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HE tables shown in the preceding article show that the relativity 


formula! 
Av=K(Z-—s)* 


is capable of predicting the known values of s, namely 2 for L orbits, 10 
for M orbits, etc., so long as the orbits from which the value of Av is obtained 
are far outside the screening electrons. This is illustrated by the fourth 
column of Table I of that article, and by the data under 3d, 4d, and 4f 








in Table V. 
TABLE I 
Screening constants computed with the Moseley-Bohr formula 
2p1 3d, 4t, 
v s v $s v 5s 
Li, 28582.5 1.979287 12203.1 1.999586 6856.1 2.000180 
By, 257545 1.936062 109870 1.998183 61742 1.999637 
3p1 3d, 4t, 

. v s v $ v s 
Na, 24475.65 9.583189 12276.18 9.996595 6860.37 9.999868 
Mg,, 85506.44 9.351841 49776.0 9.979519 27467 .4 9.998792 
Al,,, 175536.11 9.205732 113496.68 9.949042 61841.56 9.997219 
Si, 292377 9.103155 203705 9.912615 109923 9.996612 


1The K in this formula is the difference between two terms of the form (a?/n‘) 


(4+(n—k)/k]. 





See Sommerfeld, p. 476 
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Again, so long as attention is confined to the same sorts of remote 

orbits, the simple Moseley-Bohr formula, namely, 

vy=(R/n?)(Z—s)? (2) 
likewise yields these same known values of s, as is seen from Table I 
in which the By; terms represent our own measurements, while the re- 
maining term-values are taken from Fowler and Paschen. 

The success of both these purely theoretical formulas in leading in the 
field of optical spectra to the known values of s is a significant discovery and 
constitutes evidence in favor of the validity of the theoretical conceptions 
underlying both formulas. 

When, however, the orbits considered approach too close to the screen- 
ing electrons, the agreement between the value of s derived from the two 
different formulas disappears. This is illustrated by the wide difference 
between the numbers in the fourth column of Table V of the preceding 
article and those in this third column of Table I. This is the same di- 
vergence as has long been noted in the x-ray field and which caused 
Sommerfeld? to introduce the two screening constants o and s, and to 
write the total energy of an orbit in the form 


oyeEe ley. 0 


In this equation o represents the screening ‘corresponding to the 
Moseley-Bohr formula and s the screening corresponding to the 
relativity-doublet formula. It is well known that the latter has the 
value 3.5 for the Ly; Ly levels in the x-ray field, and that the former 
is always larger and varies through quite wide limits, Bohr and Coster* 
making o (their y) change in the range between argon and niton from 
9.5 to 21.7. 

This divergence between the values of ¢ and s when the orbits approach 
too close to the screening electrons or even penetrate into the region 
between them and the nucleus, can scarcely be regarded as impairing 
the theoretical basis of either of the formulas, since a screening constant 
must cease to be a constant, i. e., it must be different in different parts 
of the orbit, when there is such close approach or interpenetration, 
so that any central force represented by a term of the form (Z—s) can 
scarcely be expected to yield the same average value of s when obtained 
from an equation in (Z —s)* as when obtained from an equation in (Z —s)?. 
In other words, we can scarcely expect to obtain any physical interpreta- 
tion of s except when we are dealing with-orbits which are quite remote 








2? Sommerfeld, p. 509. We have changed the notations slightly, m being in (3) the 
total, k the azimuthal, and (n—k) the radial quantum numbers. 
’ Bohr and Coster, Zeits. f. Phys. 12, 366 (1923) 
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from the screening electrons. For such orbits the two formulas yield results 
which are beautifully consistent with one another as well as with the known 
values of the number of electrons in the K and L levels as revealed by radio- 
active, chemical and x-ray data. 

It is worth while to note, in passing, that the agreement between 
these three methods in predicting the number of electrons in the K and L 
levels constitutes unambiguous proof that the negative electrons have Coulomb 
fields ; for there is no possibility of neutralizing the Coulomb field which 
the a-ray-scattering experiments show exists about the positive nucleus 
except by similar Coulomb fields surrounding the electrons which do 
the neutralizing. 


2. SIMPLIFICATION OF THE RULES GOVERNING SPECTROSCOPIC BEHAVIOR 


From the experimental point of view the foregoing results introduce 
very beautiful simplifications in the rules which describe spectroscopic 
behavior. 

(1) They require at once the extension of a well established optical 
rule into the whole of the x-ray field in definitely identifying the L;, My, 
N, x-ray levels with the s terms of optical series; also the Ly, Lin, Mun, 
Min, Nu, Ni etc., with the pop; terms, and the Miv, My, Nry, Ny, ete. 
levels with the dod, terms, etc. This step had been previously suggested 
in a brief note by de Broglie and Dauvilliert and also by Lande’, though 
the experimental evidence in favor of the step was then very meager and 
the full consequences of it not pointed out. 

(2) They require conversely the extension of both the regular and 
irregular doublet laws from the x-ray field so as to cover the whole field 
of optics. Thus the irregular doublet law requires the frequency difference 
between the L; and the Ly terms to progress linearly with atomic 
number for similar structures. In the field of optics this is the frequency 
difference, according to (1), between the s and the pe terms, which is 
shown very beautifully in Tables IV and VI of the preceding article 
to so progress, the slight differences being simply interpretable in terms 
of the changes in the relative distances between the radiating and the 
screening electrons. On the other hand, the regular, or relativity, doublet- 
law requires the fourth root of the difference between the Ly; and Lis; 
levels to progress linearly with the atomic number for similar structures. 
Such progression is shown in the separations in the p, d, and f terms in 
all of the foregoing tables. 


4 L. de Broglie et A. Dauvillier, C. R. 175, 755 (1922) 
5 A. Lande, Zeits. f. Phys. 16, 391 (1923) 
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(3) They require that, contrary to current usage, one and the same 
selection principle as to inner and azimuthal quantum numbers be used 
in both the field of optics and in that of x-rays. Thus if, following Bohr 
and Sommerfeld, the azimuthal quantum number is permitted to change 
in the field of optics only by plus or minus 1 while the inner quantum 
number may change by zero and plus‘or minus 1, then the same rule 
must apply to the x-ray field as well. Lande® has previously pointed out 
the inconsistency in the usual assumptions in this matter, and has 
suggested the foregoing assignment to eliminate it, without, however, 
fully pointing out the difficulties involved in the change. 


3. DIFFICULTIES 


The foregoing definite identification of the pop; orbits in optics with 
the Ly Li orbits in the x-ray field requires that if Ly; Liz correspond 
to 2,22 orbits, then pep; must also correspond to 2,22 orbits. Now, asa 
matter of fact Li; Li are taken by all writers as 2,22 orbits respectively, 
and must be so taken if their difference is to be explained on the relativity 
basis, i. e., if they really constitute a relativity doublet, as the foregoing 
data as well as all x-ray data appears abundantly to indicate. However, 
making 2 a 2; orbit and f; a 22 orbit, instead of assigning them both 
to 22 orbits and letting a change in an inner quantum number take care 
of their slight difference in frequency, not only overthrows the validity 
of all of the interpenetration ideas with the aid of which Bohr explains 
so beautifully the experimental values of the series terms in optics, but 
it meets with the following very specific difficulties: 

(1) The pep; orbits in spite of their widely different shapes actually 
do possess the same screening constant, since their two frequencies are 
so close together that in the formula (2) no appreciable difference in s 
can be found. 

(2) If the pep; orbits have the form 2,22 then the s (or Ly) orbit 
must also have the form 2,, the difference between it and 2 residing only 
in an inner quantum number. One would expect from such an equality 
in orbits of s and pe that the screening constants for s and p2 would be 
very nearly the same, while as a matter of fact since s has a much higher 
frequency than #; the value of its screening constant as computed by Eq. 
(2) is much less than that of fi. 

To avoid these two difficulties it is necessary to make the very unnatural 
assumption that the inner quantum number, 1. e., the orientation of the 
orbit with respect to the atom body, has a much more powerful effect upon 
the screening constant s than has the wide difference in the shape of the orbit 
represented by the difference between 2; and 22. In a word, the behavior 
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of the s, p, d, f, etc. terms shown in Paschen’s tables,* for example, speaks 
for the retention of the assignment of the azimuthal quantum numbers 
1, 2, 3, 4, etc. to the s, p, d, f, etc. terms, respectively. 

(3) Inthe spectra of Be;, By, Cin, etc., as in the case of all the alkali 
earths, there are three p orbits designated as p; pe ps, while, since such 
orbits have a total quantum number of 2, the relativity theory permits 
but 2 different shapes, i. e., but one relativity doublet. In other words, 
in this case the additional p level must be in any case assigned to a change 
in an inner quantum number instead of to a change in an azimuthal 
quantum number. If, then, such a change in orientation is responsible 
for the difference between p2 and p; it is at least altogether natural to 
assume, as has always been done heretofore, that the difference in energy 
between p: and ; is also due to such a change in orientation. In other 
words, the existence of these three levels is a strong argument in favor of 
explaining all of these fine structure differences by differences in orienta- 
tion (inner quantum numbers) and leaving the differences in the shapes 
of orbits (azimuthal quantum numbers) to explain the large differences 
between the s and p terms. This is one of the strongest arguments for 
the usual assignment in the optical region of azimuthal and inner quantum 
numbers. If the relativity-doublet-conception is to be retained at ali 
it is in any case necessary to let a change in orientation with respect, 
perhaps, to the atom body, produce the very large difference in energy 
between the s and 2 terms, while a change in orientation, perhaps with 
respect to the second valence electron, provides the very small difference 
in energy between p2 and ps3. 

The only way in which it appears to be possible to avoid the foregoing 
serious difficulties is to throw overboard altogether the relativity explana- 
tion of the ‘‘relativity-doublet”’ and to assume that the amazing success 
of this relativity formula in predicting the correct numerical values of s, 
as shown in Table I of the preceding article and the lower half of Table V, 
is not due at all to differences in the shapes of elliptical and circular orbits, 
as postulated by the relativity theory of doublet separations, but that 
there is some other cause which by mere chance leads exactly to this 
relativity formula without actually necessitating relativity conceptions. 

In view of the fact, however, that this relativity formula was deduced 
from purely theoretical considerations involving no arbitrary constants 
whatever and that it nevertheless predicts quantitatively and very 
exactly not only the whole fine-line structure of the spectra of monatomic 
hydrogen and ionized helium, which are definitely known to be simple 


6 Paschen, Ann. der Phys. 71, 158 (1923) 
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nucleus-electron systems, but also the correct screening constants 2 and 
10 as shown above, it is almost unbelievable that the fundamental 
conception underlying the development of the formula has no basis 
whatever in reality. 

Again, if we discard the relativity explanation of the pop; terms and 
with it of the Ly Liz terms, making, with Bohr and Sommerfeld, these 
two orbits of like shape and letting them differ only in inner quantum 
number and consequently assigning different shapes (different azimuthal 
number) to the s and 2 terms (or to the L; and Ly terms) there must 
still be a relativity effect separating the values of the s and pe terms, 
since the first is elliptical and the second circular. When, now, atomic 
numbers are high, this necessitates a relativity separation between the 
sand p (Ly and Ly) terms which is much larger than the observed separa- 
tion. Indeed, for high atomic numbers Ly; Lim are actually separated 
four or five times as far as are L; Li, so that it becomes altogether im- 
possible to assign L; Ly (or s and pe) to different azimuthal quantum 
numbers, unless we deny that electrons in these orbits are subject to the laws 
of relativity at all. 

This same argument may be stated in slightly different form, thus: 
The formula for the frequency (energy) of a given orbit is pushed up 
by the relativity correction (see Eq. (3) or Sommerfeld, p. 476) and of 
course pushed down by any electronic screening. The table on page 
352 of the Bohr and Coster article? shows that »/(v/R)actually rises above 
Z in the case of the uranium K level. Wéithout relativity there would be no 
possibility of this value getting quite as high as to 92, so that the relativity 
effect or something like it cannot possibly be assumed to be non-existent. 

The results in this and the foregoing article then force a choice between 
one or the other of the two horns of a dilemma, which may be stated thus: 
(1) The abandonment of relativity causes and effects altogether in elec- 
tronic orbits, or (2) the abandonment of Bohr’s interpenetration ideas 
and with them the practice of assigning azimuthal quantum numbers 1, 
2, 3, 4, etc. to s, p, d, f,etc. terms, respectively. In this case some way 
must be found to permit two orbits which have the same shape (azimuthal 
quantum numbers) but different orientations (inner quantum number) to 
possess widely different screening constants, i. e. widely different energies. 
This would seem to require the introduction of a dissymmetry not here- 
tofore contemplated into atomic models.* 


NORMAN BRIDGE LABORATORY OF PHYSICS, 
CALIFORNIA INSTITUTE OF TECHNOLOGY, May 10, 1924 


* The only escape from one or other of these conclusions is to discredit the foregoing 
evidenc for the correspondence between the s and the L, levels and between the p: p: 
and the Lu Lin levels. 
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LOW VOLTAGE EXCITATION OF THE SPECTRUM 
OF CAESIUM 
By A. LL. HuGHEs ANnpD C. F. HAGENOW 


ABSTRACT 


Spectrum of caesium for excitation voltages below ionization potential.— 
While the Bohr theory suggests that individual lines should appear in regular 
sequence as the corresponding voltages are reached, previous attempts to ob- 
serve them have failed. In this study a large equipotential source of electrons 
was secured by fitting a nickel cylinder 10 cm long over an alundum tube heated 
internally by a tungsten spiral. With this as cathode although currents up to 
1 milliampere were used, the current density and also the space charge effects 
were small. With this tube heated so as to give a pressure of .01 mm both visual 
and photographic observations showed definitely that lines in the principal 
series of Cs appear in the order and within 0.1 volt of the potential required 
by the theory. Lines in the diffuse and sharp series were more difficult to ob- 
serve, but they also appeared below the ionization potential 3.9 vo'ts. 


HE energy of the electron impact on atoms necessary to excite the 

individual spectrum lines has been the subject of numerous investiga- 
tions. The conception of energy levels within the atom leads one to expect 
that a given spectrum line should appear as soon as the energy of impact 
of the electron reaches a value sufficient to displace the electron in the 
atom to the corresponding level. Thus, by gradually increasing the energy 
of impact from the value corresponding to the first radiating or resonance 
potential to that corresponding to the ionizing potential, one should be 
able, as far as energy requirements go, to excite one line after another 
until the whole arc spectrum appears. 

Most experimental results are in conflict with this view. For example, 
in the case of the alkalis, when the energy of the electron colliding with 
the atom reaches a value corresponding to the quantum of energy as- 
sociated with the first line in the principal series, 1¢— 17, this line appears 
alone, giving the “‘single line spectrum.’”’ As the energy of impact is 
gradually increased no more lines appear until the ionizing potential is 
reached, when the whole arc spectrum, or “‘many lined spectrum,” 
flashes out. Among other results supporting this view we mention those 
of Foote and Meggers' because they used caesium, the metal used in the 
investigation described in this paper. In view of the unexpected conflict 
between theory and the experimental results, it was decided to repeat 
the experiment with an apparatus which, while designed for other in- 


1 Paul D. Foote and W. F. Meggers, Phil. Mag. 40, 80 (1920) 
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vestigations, was thought suitable for giving some information on this 
point. 

The apparatus is shown diagrammatically in Fig. 1. It is essentially 
a three electrode tube with a nickel plate and grid as shown. The novel 
feature is the equipotential source of electrons. This consists of a close 
fitting nickel sheath, 10 cm long, surrounding an alundum tube heated 
internally by a tungsten spiral. (It is really used to lead the current into 
one end of the enclosed tungsten spiral, but the potential drop in the nickel 
sheath is less than .01 volt.) 

The caesium was introduced by heating a mixture of caesium chloride 
and calcium turnings. According to Langmuir’s discovery, caesium con- 
densed on the surface of a metal adheres to it even up to a temperature of 
800°C. This caesium covered nickel cathode formed a very convenient 
thermionic source and yielded a copious supply of electrons below a dull 
red heat. The apparatus was mounted in a furnace which could be main- 
tained at a constant temperature to within 5° or 10° for hours. 


ae ~ — 
Pp. 
: i I 


Fig. 1. Diagram of three electrode tube used. 
































The electrons were accelerated by a potential applied between the 
cathode on the one hand and the grid and plate joined together on the 
other, thus giving a field-free space between P and G. A milliammeter 
in the plate circuit measured the electrons passing across to P. In our > 
experiments the current was maintained constant at a value never more 
than 1.0 milliampere. On account of the length of the cathode the current 
density was very small. The spectrum was photographed on panchromatic 
plates through a small Hilger quartz spectrograph. While the best avail- 
able, this instrument proved rather inadequate because of the small 
dispersion in the visible spectrum and its insufficient light gathering 
power. 

As in all experiments of this kind, it is necessary to ascertain how 
accurately the applied voltage measures the potential actually used inside 
the apparatus. Our method was to connect up the electrodes so as to 
measure the ionizing potential. Three runs gave us 3.9, 3.9, 3.85 volts 
respectively. The ionizing potential as calculated from the limit of the 
principal series is 3.88 volts. We may therefore conclude that there is 
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no correction to be made for contact difference of potential. This is no 
doubt due to the fact that all surfaces are covered by a condensed layer 
of the same metal caesium. 


THEORETICAL EXCITATION POTENTIALS 


The following list gives the values of the calculated excitation voltages 
for lines in the caesium spectrum. 


Principal Series 


lo—Iir d 8521 1.45 volts infra red 
8943 1.38 

lo—2r 4555 2.71 blue 
A 4593 2.68 

lo—3r 3876 3.18 ultraviolet 
d 3889 3.17 

lo—4r 3612 3.42 ultraviolet 
3617 3.41 

lo —5Sxr d 3477 3.355 ultraviolet 
d\ 3480 

lo —6r dA 3398 3.63 ultraviolet 
d 3400 

Diffuse and Sharp Series 

1n—45 d» 6983 3.21 volts red 
6973 

1xr—4o d\ 6587 3.31 red 
d 6355 

1x—56 dA 6215 3.42 orange 
6010 

1x—So 6035 3.48 yellow 
dA 5839 

lx —60 d 5846 3.55 yellow 
5664 

1x —60 5746 3.58 yellow 
A 5569 

In—75 5635 3.63 yellow 
d 5466 


VISUAL OBSERVATIONS 


Preliminary observations were made by the rested eye, carefully 
shielded from stray light, on the color of the light seen in the field-free 
space between the plate and the grid. Electron currents were about .1 
to .2 milliamperes, the furnace temperature of 130° C giving a vapor 
pressure of .01 mm.” As the accelerating potential was raised from zero, 


2 D. H. Scott, Phil. Mag. 47, 32 (1924) 
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nothing was seen until a dim blue haze appeared between 2.8 and 3.0 
volts. This is no doubt due to the excitation of the blue doublet 44555 — 
4593, which should appear at 2.7 volts. The discharge became faintly 
red at between 3.3 and 3.5 volts and yellow at 3.6 volts. On comparison 
with the table of theoretical excitation potentials it will be seen that these 
observations are in fair correspondence. In each case, however, the color 
appeared at a potential about .1 to .2 volt higher than the theoretical 
value. This is possibly due to the fact that the number of collisions 
resulting in excitation is small as we pass through the threshold value of 
the voltage but increases rapidly beyond that point. 

The color tended to appear first around the metal boundaries P and G 
before spreading out into the space, showing that even under these con- 
ditions of feeble electron current and low pressure there was still a re- 
sidual space charge effect. 


PHOTOGRAPHIC OBSERVATIONS 


A set of exposures was taken on a panchromatic plate at 3.8, 3.7, 3.5, 
and 3.3 volts. The furnace temperature was maintained constant be- 
tween 135° and 140° C. The electron currents used were 1.05, .40, .20, 
and .10 milliampere, respectively, for the different accelerating potentials. 
The exposures were 3, 9, 18 and 36 hours, respectively. 

The plate showed satisfactory evidence of a step by step excitation, 
especially in the principal series. The following table gives the means of 
the estimates made independently by two observers; the numbers being 
purely arbitrary. 

TABLE I 


Behavior of lines of the principal series 


Lines : lo—Iir lo —2r lo—3r lo —4r lo—5r lo —6r 


Wave-lengths: $521 4555 3876 3612 3477 3398 

8943 4593 3889 3617 3480 3400 

Theoretical { 1.48 2.41 3.18 3.42 3:33 3.63 
voltages 1.38 


2.68 3.17 


3.41 





Applied voltage 


3.3 Too far in 10 trace a a i 
s.5 infra-red 9 8 trace? or ioe 
3.7 7 9 8 trace -- 
3.8 


9 12 10 


6 trace 
This table shows convincing evidence of a step by step excitation of the 
lines of the principal series. There is no particular significance in the 
change of intensity in any one line from one exposure to the next, but 
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what is significant is that there are important relative changes in the 
intensity distribution as we step up from one voltage to the next. 

With regard to the lines of the sharp and diffuse series in the red and 
yellow the results are not so clear cut. None of the lines appears with 
3.3 or 3.5 volts. They all appear at 3.7 and 3.8 volts except \6983 — \6973 
for which the plate was probable insensitive. With regard to the change 
in appearance of these lines in going from 3,7 to 3.8 volts all that can be 
said is that the lines 1t—60 and 1r—74, in the yellow, seem to increase 
in intensity relatively more than the lines in the red. This would be in 
agreement with the behavior of lines that have just recently passed their 
excitation values. However, accurate observations were very difficult on 
account of crowding of the lines in this region and the small light gathering 
power of the spectrograph. 

The evidence, however, is decidedly in favor of step by step excitation 
of the different lines. Undoubtedly a spectrograph of greater light gather- 
ing power and much longer exposure would give results corresponding 
more closely to the theoretical values. 

While this work was in progress a paper by Hertz* appeared in which he 
finds step by step excitation in the spectra of Ne, He and Hg, and a paper 
by Eldridge’ reports step by step excitation for Hg. 

WASHINGTON UNIVERSITY, 


St. Louis, Mo., 
June 9, 1924 


3G. Hertz, Zeit. f. Phys. 22, 18 (1924) 
4J. A. Eldridge, Phys. Rev. 23, 685 (1924) 
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THEORETICAL, INTERPRETATION OF THE POLARIZATION 
EXPERIMENT OF WOOD AND ELLETT 


By Joun A. ELDRIDGE 
ABSTRACT 


Effect of a weak magnetic field on the polarization of the fluorescent light 
from mercury and sodium vapor.—IJn explanation of the observations of Wood 
and Ellett, it is suggested that, in accordance with Larmor’s principle, the 
field causes a precession of the electric vibrators with an angular velocity 
3(e/m)H and this precession is shown to be quite competent to explain the 
observation if we assume a proper duration of the excited state or proper damp- 
ing constant a. The experimental results for mercury \2536 give a value for a 
of 1.1410" per sec., in good agreement with other values. This classical theory 
is substantially the same as the classical theory of the Zeeman patterns, 
and does not account for the behavior of lines showing a more complicated 
Zeeman pattern such as the sodium lines studied by Wood and Ellett. The 
fundamental fact of the fluorescent light being plane polarized is hard to recon- 
cile with the assumptions of the quantum theory of atomic radiation. 


OOD and Ellett! in a recent number of the Proceedings of the 

Royal Society give the exceedingly interesting results obtained in a 
study of the fluorescence of mercury and sodium vapors as affected by a 
magnetic field. The vapor was maintained at extremely low pressure, 
presumably thereby avoiding collisions during the time of excitation. 
It was illuminated by its polarized resonance radiation (A2536 for mer- 
cury) and the plane of polarization of the secondary radiation determined. 
In the case of mercury, the plane was radically influenced by compara- 
tively weak fields. . 

These results for mercury may be summarized by the diagrams in 
Fig. 1. The first column gives the direction of the electric vector in the 
incident light (E,). The direction of propagation is from left to right. 
In the second column the circle represents the tube, and the arrows or 
dots the direction of the magnetic field (H). Except where otherwise 
noted the emitted radiation was observed as it left the tube in a direction 
normal to the flane of the taper, that is, toward the reader. Its plane of 
polarization when so observed is shown in the third column (E£,). 

The first interesting result obtained was that while a magnetic field of 
but a gauss or two in the direction of the line of sight cuts out the polariza- 
tion almost entirely, in the absence of a magnetic field the light ts 90 per- 
cent polarized (cases 6 and 1). 


1 Wood and Ellett, Proc. Royal Soc. 103, 396 (1923); see also following paper. 
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If a field is applied in the plane of the paper and rotated through 90°, 
the secondary emission is at first (in the vertical field) polarized parallel 
to the magnetic field; when the field is at 45° the emission is completely 
unpolarized, and finally with the field horizontal, it is again polarized, 
now normal to the field, (cases 2, 3, 4, 5). 


E H E 


LARMOR 
P * PRECESSION 


CO | 


‘| 


Fig. 1. Diagramatic representation of results of Wood and Ellett for mercury 


* Light emitted normal to the plane of the paper in case 6 was unpolarized but in 
other directions the emission was observed to be polarized parallel to the incident light. 


As noted above, the field in case 6 eliminates the polarization in the 
beam which leaves the tube normal to the plane of the paper; secondary 
radiation traveling in any other direction is, however, polarized (cases 6, 
note, and 8). 

When the primary electric vector is parallel to the line of sight, we get, 
as we should expect, no secondary polarization without a magnetic field 
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(presumably, also, practically no emission at all in this direction). The 
magnetic field brings out the polarized light (cases 8, 9, 10) always normal 
to the field. 

These results are extremely fascinating. The mechanism which Wood 
and Ellett advance to correlate the results (suggested to them by Darwin) 
is briefly as follows: Two types of excitation are assumed, circular and 
line, the former occurring when the electric vector of the exciting beam is 
parallel to the plane of the circular vibrations, which in turn are per- 
pendicular to the magnetic field; the latter when the electric vector is 
perpendicular to the circular vibrations. The hypotheses are consistent 
with the results, but they seem rather artificial. Following the lines of 
the classical theory for the Zeeman effect a simple theory of the effects can 
be found. 

It is assumed that the atomic radiator, absorbing and re-emitting radia- 
tion, acts as a vibrating electric dipole competent to absorb and emit only 
linearly polarized radiation. It is further assumed that a period of time 
elapses between absorption and emission. We may think of the absorp- 
tion taking place suddenly, the atom remaining in the excited state for a 
certain time, and then suddenly re-emitting the radiation. 

According to Larmor’s well known theorem,’ the effect of a magnetic 
field upon a moving electric charge is entirely equivalent to a precession 
of the frame of reference with an angular velocity }(e/m)H. This 
amounts, in the case of a dipole, to a precession of the polar axis, generat- 
ing in general a cone whose axis is parallel to the magnetic field. In 
special cases of fields parallel or normal to the dipole this may degenerate 
into a straight line or a plane. 

The atom is supposed then to be excited by the primary radiation, 
absorbing energy as a dipole would, with a resultant displacement of an 
electron into a metastable position ; this metastable position is maintained 
for a certain time and during this time the atom executes a Larmor pre- 
cession; the electron now returns to its normal orbit emitting radiation 
polarized in a plane parallel to the dipole axis of the atom. If we take 
into account all the different atoms with their different times of excitation 
and precession, the average radiation turns out to be quite in conformity 
with the results of the experiment. In column 4 of Fig. 1 are shown the 
cones of precession of the dipole for the different cases. In case 2 there is 
no precession, and the light is unaffected. 

Consider case 6. The magnetic field is out from the page, and the 
dipole, at first vertical, precesses to the left. With sufficiently strong 


2 Larmor, Aether and Matter, p. 341 
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magnetic fields during its time of excitation it may precess through a 
large angle, possibly many revolutions. If the different atoms have 
different periods of excitation, they will radiate at all different angles, 
some vertically, some horizontally, and the result will be unpolarized 
light. In case 3, the precession is in a vertical plane toward the observer. 
The result is a vertically polarized beam, and should have an intensity 
half as great as that in cases 1 and 2. 

Cases 7, 8, 9, 10 are interesting, as in these cases the magnetic field 
produces polarization. Incase 7 the electric vector is toward the observer, 
emitting, therefore, no light in his direction; the magnetic field produces 
a precession as shown in the following cases and the consequent emission 
of light of the proper polarization. 

When the angle between // and E is oblique (cases 3 and 4), a simple 
calculation will lead to an expression for the relative polarization. The de- 
finition of relative polarization is given by the expression: (E,*—E,*)/ 
(E,27+E,?”) where the axes of reference have been so chosen (in the plane of 
the wave front) as to be respectively parallel and normal to the plane of 











ied 
Fig. 2. 


—. 


polarization. Fig. 2 represents two sections of the cone described by the 
dipole as it vibrates in a field directed obliquely (as in case 4). By 
symmetry we know that the axes of polarization are respectively parallel 
and normal to the magnetic field, and these have been taken as x and y 
axes in the figure. The magnetic field makes an angle ¢ with the plane 
of polarization of the primary beam, and the electric vector (£,) precesses 
about an axis parallel to the field. If at any time the angle of precession 
be y the components of the electric displacement are 

E,=Eo cos ¢: 

E,=E£osin¢ cosy. 
E, is a constant; E, varies with time; the average value of the intensity 
in the y direction is (E,”) » =}E.? sin*¢, and the percentage of polarization 
is 








(E2*)m — (Ey?)m cos? — § sin’ 
(Es?) m + (Za 7 cos? @ + 3 
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For an angle ¢=54° (tan ¢= V2) the percentage of polarization is 
zero. According to the diagrams of Wood and Ellett, polarization seems 
to have disappeared in their experiment at an arigle of 45°, but it seems 
likely that the above result is within the range of experimental error.* 
For angles from 90° to 54°, the theory gives the electric vector always 
normal to J/, and from 54° to 0° always parallel to //, in agreement with 
experimental results. 

This explanation is substantially the same as the classical explanation 
of the Zeeman effect, and the point which it is wished to emphasize is that 
the phenomena here observed are substantially the same as those revealed 
by the spectrometer in stronger fields. Here we see the birth of the Zee- 
man effect. The fields here are quite weak, and this method has essen- 
tially much greater resolving power than the spectrometer. In the Zee- 
man effect we observe a Ay which is by the classical theory equal to the 
frequency of the precession imposed by the magnetic field. That fre- 
quency is (1/47)(e/m)H. For detection by the method of Wood and 
Ellett, that frequency need be only of the order of 1 revolution during the 
time of excitation. Asa matter of fact, the field used was of the order of 
1 gauss which gives a frequency of precession of 1.410° per second 
corresponding to a wave-length difference of .00003 Angstroms.‘ 

From the present point of view then, these experiments are quite 
analagous to those of Zeeman. A difference is that while the Zeeman 
effect depends presumably upon the instantaneous angular velocity of 
precession, the change in the plane of polarization depends on the angular 


3 Apparently Wood and Ellett in measuring the relative polarization kept the axes 
of their analyzer always parallel to and perpendicular to Ep instead of adjusting them 
with respect to Z;. With such axes E,?—E ,?=0 at 45° but mot because the light is un- 
polarized, but because it is polarized at 45° with respect to their axes. 

The explanation of Darwin is not given in quantitative form. It has been used to 
explain the absence of polarization at 45°, but it seems that it most naturally leads to 
a result the same as found above. That theory leads to unpolarized light at 45° by 
assuming that the circular vibrator and the linear vibrator are crossed and (viewed from 
the plane of the circular vibrator) equally intense. If, however, at 45°, we associate the 
same fofal energy with the circular and linear vibration, as seen in this particular direc- 
tion, the circular vibration will be only half as intense as the other, and such a view 
would not lead to zero polarization at 45° but at 54° exactly as found in this paper. 


‘For the vibrating dipole we may substitute two oppositely rotating vectors; the 
magnetic field increases the frequency of one and decreases that of the other. These 
give the lines which are seen in the Zeeman effect. In the Zeeman effect we measure 
with the spectrometer the frequencies of each component vibration; in the present 
experiment we are dealing with the plane of polarization of the light resulting from the 
interference of these two rotating vectors. An interference experiment is competent to 
give a much greater degree of resolution than one in which each of the components must 
be separately measured. 
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displacement ;i.e., here we must assume a lapse of time between excitation 
and emission which in the case of the Zeeman effect was immaterial. 
‘This time is quite readily computed from the data of Wood and 
Ellett who observed the quenching of polarization as a function of the 
field when the field was applied as in case 6. Their results are given by 
the points in Fig. 3. 
tion to 10 percent. 


A field as weak as 1.3 gauss reduces the polariza- 
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Fig. 3. Decrease of polarization with magnetic field, case 6. 


The relative polarization as measured is (E,?—E,*)/(E,?+E,°) where 
as noted in the footnote above,’ the axes were taken respectively vertical 
and horizontal instead of being oriented with respect to the plane of polar- 
ization of the secondary radiation. 
rotate in the presence of the field according to the present theory, though 


(This plane of polarization should 


this does not seem to have been observed).° This same meaning will be 
given to relative polarization in the following. 

According to the classical theory and according to experiment® emission 
of light from a group of excited atoms falls off exponentially after the 
instant of excitation. It will therefore be assumed that the number of 
atoms emitting per second with excited periods greater than ¢ is Ne~“’. 

Consider atoms with period between ¢; and ¢,;+dt. The number per 
second is Nae “dt, the radiation energy per second is Nwae~“'dt, if w is 


the radiation peratom. During time /; the atom has precessed through an 


5 Wood and Ellett have more recently observed this rotation of polarization as 
predicted above (July 19, 1924). 
* Wien, Ann. der Phys. 73, 483 (1924) 
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angle ¢, (=el/t/2m) and the intensities of the two components are 
respectively 

E,= Nwae-™ cos*¢dt; 

E,= Nwae-* sin*odt . 


Relative polarization 


DEES) _— So Nwae~“(cos*g — sin’g)d! 


= S, ae-"'cos2pdt . 


S(E,2+ E22) S. Nwae-*dt 





Substituting the value of Larmor precession, this equals 





3 1 
Af ee--cos(ettt/m)at = 14 (cH/ma)? , (1) 


The present theory gives complete polarization in the absence of 
magnetic field, while Wood and Ellett find the radiation 90 percent 
polarized. The difference is probably due’ to molecular collisions of the 
excited atom. On the average 10 percent of the light is emitted after a 
molecular collision as unpolarized light. In attempting to interpret the 
experimental results, it will be necessary to introduce a factor 0.9 into 
the expression (1) to take account of such collisions, and using a value 
of a=7.6X10° in Eq. (1) we get the curve in Fig. 3 which is in fairly good 
agreement with the experimental points. 

The classical value of the precessional velocity }eH/m has been 
used. The Zeeman effect gives to us an experimental value for this which 
is equal to 3/2 that predicted by classical theory, and we should with 
greater propriety use this in our derivation. If we so do, expression (1) 
becomes 0.9/{1+ (3e/1/2na)?] giving a value of a=1.14X107 sec.” This 
agrees quite satisfactorily with some of the recent estimates of this value. 
Wien’ finds = 1.02 X10’ sec.-!. Turner® finds the order of magnitude the 
same. On the other hand Webb? finds a much smaller value (4X 10°). 
K.T. Compton" has discussed the imprisonment of radiation in a gas in 
consequence of repeated re-absorptions and emissions, and it seems likely 
that this is the phenomenon which Webb was observing. 


7 As the matter has been formulated this a is a probability modulus, governing the 
expectation of life of an excited atom. If the view be taken that each atom, without 
any duration of a metastable state, immediately starts to give out a damped wave, 
the results are quite similar, a now being the damping modulus, and we find the atom 
has a “half life’ of 5.910-7 sec. This latter viewpoint is not the usual quantum view 
but seems quite plausible. Cf. G. Mie, Ann. der Phys. 73 pp. 195-208. 

8 Turner, Phys. Rev. 23, 464 (1924) 

® Webb, Phys. Rev. 21, 719 (1923) 

10K. T. Compton, Phil. Mag. 45, 450 (1923) 
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It may seem surprising that a theory which falls down so conspicuously 
in attempting to explain the Zeeman effect should so satisfactorily agree 
with experiment in this case. There are however certain lines (the sing- 
lets) in dealing with which the classical theory of the Zeeman effect is 
completely successful, and presumably such lines would also give the 
types of polarization predicted by the present theory. The line \2536 
which was used in the experiment of Wood and Ellett has a Zeeman effect 
which, though not in strict agreement, differs comparatively little from 
that of the classical theory. It may, indeed, be considered as due to a 
dipole which precesses with a velocity 1} times that given by the Larmor 
equation. It need not cause surprise that a theory which has a complete 
qualitative success in predicting the types of polarization in the Zeeman 
effect should be equally successful in the present case. 

One of the most perplexing results of the experiment of Wood and Ellett 
was the difference in the results for sodium and mercury. There were 
apparently three differences: (1) With zero field there was practically no 
polarization for sodium; (2) to bring out the effects found in mercury at 
one gauss required for sodium a hundred gauss; and (3) even under such 
fields the percentage polarization was much less than for mercury. 

An explanation of such differences is not at all obvious. It is not at all 
unlikely, however, that the difference is connected with the difference in 
their Zeeman effects. The mercury line has an almost classical Zeeman 
separation; the sodium doublet has a much more complicated Zeeman 
effect which no simple precession of a vibrating dipole will reproduce; 
we should not expect then that a simple dipole theory would explain the 
effects found by Wood and Ellett for sodium. It seems probable, how- 
ever, that all lines having Zeeman patterns which agree with the classical 
Zeeman theory will give results similar to those found for mercury. 

The assumption has been made that the absorption and the sub- 
sequent re-emission each took place in an extremely short interval 
separated by a larger interval of time; this is the most popular view of the 
quantum theory. The results are quite the same, however, if it is as- 
sumed that the emission takes place as a damped sine wave starting at 
the instant of excitation. 

There seems to be a direct disagreement on the other hand between 
these experiments and some of the postulates of the quantum theory. 
The difficulty is in explaining the first case. How can the mercury 
vapor at first absorb and later emit plane polarized radiation? The other 
apparently more complex cases follow at once from the first case if we 
invoke the Larmor precession. However complicated the mechanism 
involved, it will precess; if it emits plane polarized light without a field, the 
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plane of polarization will rotate in the presence of a field, and the later 
cases are derivable from the first. But how can the line 42536 of mer- 
cury in the absence of a field be absorbed or emitted as plane polarized ? 
The transition (22-1) which causes the emission of this line we believe 
to be one involving a decrease in both azimuthal and inner quantum 
number and such a transfer should produce circularly polarized light. 
To the writer this seems to be a very serious difficulty for the quantum 
theory." 


: UNIVERSITY OF WISCONSIN, 
March 29, 1924. 





Detain sum ake onan 


‘' Since this paper was written a paper by Joos has appeared (Phys. Zeit. 25, p. 130) 
in which the results for sodium are interpreted from the point of view of the Bohr 
theory. The interpretation falls down, however, for the reason just mentioned for the 
case of mercury. There is surely much of truth in both the quantum and the classical 
points of view. 
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POLARIZED RESONANCE RADIATION 
IN WEAK MAGNETIC FIELDS 


By R. W. Woop anp A, ELLEttT 


ABSTRACT 


Effect of a magnetic field on the polarization of resonance radiation of 
mercury and of sodium.—(1) Mercury 2536. A beam of plane polarized 
monochromatic light was focussed on the bulb containing the vapor at low 
pressure (0°C), and the polarization of the resonance radiation was determined 
photographically with the aid of a quartz wedge and a double image quartz 
prism. If the exciting beam is going east with the electric vector vertical, when 
the earth’s field is carefully neutralized the polarization is 90 per cent in any 
horizontal direction and zero vertically; a field of only 2 gauss directed north 
reduces the polarization in its direction to nearly zero (the decrease with 
increasing field being exponential), changes the polarization east and also up 
to 60 percent, and increases the intensity directed upwards threefold. Similar 
effects are produced by fields in other directions. The polarization with 
zero field does not approach 100 per cent at low pressures, since 90 per cent was 
found also with the vapor at —50°C, when the radiation first appeared. It 
was thought that the high value might be due to an orientation of the resonat- 
ing atom by the field of the exciting light, but a beam of concentrated sun- 
light produced no effect. As found by Malinowski, a strong field of 10,000 
gauss merely increased the intensity of the radiation about 10 per cent. This 
added light was found to be unpolarized. (2) Sodium D line. In the case 
of sodium vapor the tube was heated to 185°C, the observations were visual, 
and as a source of unreversed light, the glow on the surface of a sodium glass 
vacuum tube carrying a discharge, was used. The effects observed are similar 
to those for mercury, but differ for some directions; fields forty times stronger 
were required, and the polarization in zero field was only 6 per cent, probably 
due to traces of hydrogen. This was increased by the field in some directions 
to 30 per cent. 

Effect of magnetic field on fluorescent light of iodine vapor and on white 
scattered light from mercury and ether vapors.—The polarization was found 
not to be affected. 











HE polarization of light scattered by small particles and the general 

phenomena of scattering by turbid media, including the dependence 

of color and of polarization on the size of the scattering particles, was first 
observed by Tyndall.' be. 

Due, no doubt, to the smallness of the effect and to his failure to obtain 

a good black background he failed to detect scattering by dust free air. 

This scattering, which the elder Rayleigh had several years ago shown 

might account for the blue color and for the polarization of skylight, was 


1 Tyndall, Phil Mag. (5) 37, 384 (1869); Glaciers of the Alps (1866) 
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first observed by J. Cabannes,’ and later, independently, by the present 
Lord Rayleigh. Cabannes has shown that the intensity of the light 
scattered transversely from an incident beam by any of the ordinary 
gases is very nearly proportional to the inverse fourth power of the wave- 
length of the scattered light, as Rayleigh had predicted from the simple 
assumptions that the size of the scattering particles is small compared 
to the wave-length of light and that they have no natural frequency of 
vibration near to that of the incident light. As Rayleigh had observed, 
the degree of polarization of the scattered light depends upon the shape 
of the scattering particle if we consider it merely as a region of space 
in which the dielectric constant has a constant value different from that ° 
of the free ether; or, as Sir J. J. Thomson has shown,’ we may account 
for various degrees of polarization from the standpoint of the electron 
theory of matter by the simple assumption that the constraints acting 
upon the electron are not isotropic in nature. 

There is another type of scattering, or more exactly, following Bohr’s 
treatment of the phenomenon, of absorption and re-emission, which 
occurs in certain cases when the frequency of the exciting light is in 
exact agreement with one of the natural frequencies of the atom. This 
type of emission, which was first observed and extensively studied by one 
of us, has been named resonance radiation. It is characterized by the 
fact that the wave-lengths of the exciting and emitted light are the 
same, and from the circumstance that the emission occurs only when the 
frequency of the exciting light is exactly right. The intensity of this 
resonance radiation is enormously greater than the intensity of the light 
scattered by gases as observed by Cabannes and Lord Rayleigh; in the 
case of mercury vapor, for example, in vacuo at a pressure of .0001 mm 
(corresponding to a temperature of 0°C) the cone of ultra-violet luminosity 
produced by focusing the rays of a water-cooled quartz arc at the center 
of the quartz bulb containing the vapor can be photographed in a few 
seconds, while the cone of scattered light in air at atmospheric pressure 
formed by focussed sunlight, requires an exposure of an hour or more. 

The polarization of the fluorescent light of gases and vapors was first 
observed by one of us‘ in the case of the white light fluorescence of sodium 
vapor, and later with the vapor of iodine. It is probable that the two 
phenomena are quite distinct in nature, though up to the present time 
no careful study has been made of the modifications of polarization and 
intensity which occur when the frequency of the exciting light approaches 


2 T. Cabannes, Ann. der Phys. 15, 5 (1921) 
3 J. J. Thomson, Phil. Mag. (6) 40, (1920) 
4R. W. Wood, Phil. Mag. (6) 16, 184 (1908) 
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or departs from the natural frequency of the atom by very small incre- 
ments. A step in this direction has been made by Lord Rayleigh® who 
found what appeared to be a stronger polarization of the resonance radia- 
tion in those portions of the excited cone furthest removed from the 
window through which the radiation entered. These regions were stimu- 
lated by a radiation the frequencies of which were slightly greater and 
slightly less than the natural frequencies of the mercury atom, since the 
“core’”’ or central part of the 2536 line (which produced the radiation) 
had been removed by the portion of the vapor near the entrance window. 
While this was the first observation of the polarization of resonance 
radiation, a further study of the phenomenon by one of us showed that 
strong polarization could be observed right up to the entrance window, 
in fact it was as strong here as at any other part of the beam. As we shall 
show presently, the absence of polarization in this region, in Lord Ray- 
leigh’s experiment, was probably due to a magnetic field resulting from a 
slight magnetization of iron stands or from the electromagnet used for 
forcing the discharge ef the mercury arc against the tube wall. 

The present paper deals with the effect of weak magnetic fields, 
oriented in various directions with respect to the exciting beam, upon 
the polarization of the resonance radiation of the vapors of mercury and 
sodium. A brief preliminary account of some of the results was published 
in the Proceedings of the Royal Society for June 1923. 

In the early part of the work in which we endeavored to establish the 
conditions most favorable to a high degree of polarization of the resonance 
radiation, great difficulty was found in getting constant results. Work 
done by one of us the previous spring showed that in a high vacuum, 
mercury vapor at the very low pressure corresponding to 0°C exhibited 
as high as 80 or 85 per cent polarization. This observation we could not 
at once verify as the fringes obtained with the analyzing wedge of quartz 
indicated a percentage of polarization of less than fifty. The magnetic 
work was commenced, however, under these not very favorable conditions. 
It soon appeared that very weak magnetic fields comparable in intensity 
to that of the earth’s field, completely destroy the polarization of the 
light emitted by the resonating vapor, where the field has a component 
parallel to the direction in which the resonance radiation is observed. 
It was then observed that the apparatus was oriented in a different direc- 
tion from that which obtained in the earlier work, and on turning the 
table on which everything was mounted through ninety degrees, bringing 
the observation direction East and West, we at once obtained a much 
higher value of the polarization. 


5 Lord Rayleigh, Proc. Roy. Soc. (A) 102, 190 (1922 
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The source of light used was a small Cooper-Hewitt mercury arc in 
quartz, partly immersed in a large vessel of water to keep down the 
vapor pressure within the arc and to prevent reversal of the \2536.7 line. 
The arc was operated on a very small current, about 2.5 amperes. Unless 
these precautions are observed the \2536.7 line is so badly reversed by 
the layer of cooler vapor surrounding the arc that it is quite ineffective 
in exciting resonance radiation in mercury vapor at very low pressures. 
It is also important to keep the air of the room free from mercury vapor 
by proper ventilation and by avoidance of spilled mercury. 

The radiation from a wide slit, placed close to the arc, was passed 
through two large quartz lenses, arranged to give a slightly convergent 
beam, and then through a quartz prism of about 60°, the base of which 
was perpendicular to the optic axis. With lenses of crystalline quartz 
this disposition is necessary, since if the prism is placed in the usual posi- 
tion between the lenses the rotatory power of the second lens introduces 
polarization in all azimuths in both images, though the two beams which 
emerge from the prism are plane polarized. Later on in the work we em- 
ployed a lens of fused quartz for converging the polarized beam. This 
arrangement is preferable as smaller and more intense images of the slit 
are obtained when the prism is mounted between the lenses. With this 
arrangement it is possible to illuminate the vapor in the bulb with a 
polarized monochromatic radiation of wave-length 2536.7 with the electric 
vector either vertical or horizontal. The two polarized spectra formed by 
the prism are received on a screen of barium platino-cyanide which shows 
the highest phosphorescence at the two images of the slit formed by the 
2536 radiation. A screen of black paper, perforated by a hole 1 or 2 mm 
in diameter coated on one side with the phosphorescent barium compound, 
is now mounted in contact with the quartz bulb and one of the polarized 
images brought into coincidence with the small hole. We now know that 
the bulb is traversed by the concentrated ultra-violet radiation which 
excites the resonance radiation. 

The polarization of this light has to be studied by photography, of 
course. When the polarization is very feeble its presence is best shown 
by mounting in front of the bulb a quartz wedge of small angle cut par- 
allel to the optic axis, and photographing the fringe system formed by the 
wedge, through a double image prism of quartz mounted in front of the 
quartz objective of the camera. This method can be used only with 
monochromatic light. The behavior of the wedge is first studied by 
mounting it between two nicols pointed at a soda flame. In this way we 
find the position of the wedge with respect to the electric vector of the 
light, which gives the fringes at maximum visibility. Next we substitute 
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for the first nicol one or two inclined glass plates which produce feeble 
polarization, shown by the low visibility of the fringes. This preliminary 
study is very important as we must be thoroughly familiar with the action 
of the wedge under all conditions, as it is to be employed in the study 
of invisible light. 

The arrangement of the apparatus is shown in Fig. 1. When measure- 
ments of the degree of polarization were to be made the quartz wedge A 
was removed and the times of exposure were varied so that the weaker 
of the two images formed by the double image prism B had in one exposure 
the same density as the stronger image in the other. The resonance lamp 
D consists of an evacuated quartz bulb 2 cm in diameter, blown as thin 
as possible, to which it attached a long side tube containing a drop of 
mercury. This side tube was immersed in a cooling bath in order to reduce 
the pressure of the mercury vapor within the bulb and thus eliminate 
secondary resonance set up in the vapor outside the path of the primary 
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Fig. 1. Diagram of apparatus, including resonance bulb D, quartz wedge A, double 
image quartz prism B and camera C. 


beam. This secondary resonance is largely unpolarized and at room tem- 
perature practically obscures the fringes in the main beam. Its intensity, 
however, may be reduced to less than two per cent of that due to the main 
beam by cooling the side tube in a mixture of ice and salt. Because of this 
secondary resonance arising when the vapor pressure is increased, any 
small drop of mercury adhering to the wall of the bulb must be driven 
off by heating and care taken that the only free surface of mercury is 
that in the cooled side tube. 

In the early stages of the investigation a magnetic field parallel to the 
electric vector in the exciting beam was produced by a large Ruhmkorff 
magnet, but it was found that the only effect produced by intense fields 
in greater degree than by fields of a few gauss was that observed by 
A. Malinowski,’ namely, an increase in the intensity of the radiation. 


6 A. Malinowski, Phys. Zeit. 14, 884 (1913) 
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As Malinowski has shown, this increased intensity is probably due to a 
broadening of the absorption line, as a result of which the radiation 
emitted from mercury vapor excited in a strong magnetic field is not en- 
tirely absorbed by vapor at the same temperature outside of the magnetic 
field. Advantage was taken of this fact to determine whether this added 
intensity was polarized. With the field of the magnet parallel to the 
electric vector of the exciting beam, the path of the beam through the 
vapor was photographed from a direction perpendicular to the beam 
and to its electric vector. Between the lens of the camera and the phot- 
ographic plate was placed a mercury absorption cell E (Fig. 1), which, in 
the absence of a field, entirely prevented the light from the resonance 
lamp reaching the plate. When the magnetic field about the resonance 
lamp has a value of 10,000 to 15,000 gauss, about ten per cent of the 
emitted radiation passed through the cell E, and this transmitted radia- 
tion was found to be non-polarized. 

Inasmuch as the preliminary experiments had shown that the earth’s 
field may profoundly affect the polarization of the radiation, two flat 
coils of wire about a meter in diameter were arranged to neutralize 
the earth’s field at the point where the resonance lamp was placed. 
This adjustment was effected by means of a ballistic galvanometer and a 
small flip coil, 4 cm in diameter and wound with 250 turns of fine wire. 
The sensitivity of the galvanometer was such that with a field of .01 
gauss the flip coil gave a deflection of slightly over one millimeter. When 
the intensity of the field at the point where the resonance lamp was placed 
had been reduced to a value too small to detect with this arrangement 
the polarization of the resonance radiation emitted in all azimuths in a 
plane perpendicular to the electric vector of the exciting beam was found 
to reach a value of at least 90 per cent (see Fig. 3a). The light emitted 
in the direction of the electric vector of the exciting beam is not polarized 
and has about one-tenth the intensity of that emitted in the perpendicu- 
lar direction. With the earth’s field uncompensated the percentage of 
polarization drops to about 60. 


THE EFFECT OF VARIOUS ORIENTATIONS OF THE MAGNETIC FIELD 


The effect of impressed magnetic fields in various orientations with 
respect to the incident light beam and its plane of polarization was now 
investigated. The field used for this purpose was that near the end of a 
short solenoid about 40 cm in diameter. Investigation of the field of this 
solenoid with a flip coil showed that a field uniform to within less than one 
per cent could be produced throughout the volume of the resonance bulb. 
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When the direction of the impressed magnetic field is perpendicular to 
the exciting beam and to its electric vector (Fig. 3b) the polarization of 
the light emitted in the direction of the field is rapidly decreased with in- 
creasing strength of the field. The radiation emitted in this direction may 
be resolved into two polarized components, P, and P, having the directions 
of their electrical vibrations respectively parallel and perpendicular to that 
of the electric vector in the exciting beam. It is found that the variation 
of the ratio (P,—P,)/(P,+P,) with intensity of impressed magnetic 
field may be represented fairly closely by equation (1), (see Fig. 2). 
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Fig. 2. Variation of polarization with field 77. 





























It seemed that this failure to obtain complete polarization might be due 
to collisions occurring between absorption and re-emission causing some 
depolarization, so the value of the polarization was determined with the 
smallest value of the vapor pressure with which resonance radiation could 
be obtained. No increase of polarization was observed, but it was found 
that resonance radiation could be excited in the vapor over solid mercury 
at a temperature of —50°C. The vapor pressure of mercury at this tem- 
perature must be very small indeed. That the pressure in the bulb was 
actually that characteristic of a temperature of — 50°C is certain, for the 
side tube containing the mercury was cooled in liquid air and then 
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allowed slowly to warm up in a large bath of ethyl acetate initially at 
—70°C. When the temperature reached — 50°C the resonance radiation 
first appeared and it was possible to photograph the path of the beam with 
an exposure of 15 minutes. At —18°C an exposure of 20 seconds produces 
about the same density as 15 minutes at — 50°C. 

If with this same relative orientation of magnetic field and exciting 
light (Fig. 3b) we investigate the polarization of the light emitted in a 
direction making a small angle with the exciting beam, we find that it is 
not entirely destroyed but is reduced to a value of perhaps 60 percent 
by fields which reduce the polarization of the light emitted along the field 
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Fig. 3. Diagrammatic representation of results for mercury 2536 resonance radiation. 


to less than one percent. Greater intensity of the field does not reduce 
this polarization further. As this decrease in the polarization of the light 
emitted in all azimuths perpendicular to the electric vector of the exciting 
beam is brought about, polarization is produced in the light emitted in a 
direction perpendicular to the magnetic field and exciting light beam. 
The light emitted in this direction is normally not polarized and has 
about one tenth the intensity of the light emitted in the perpendicular 
direction (Fig. 3a). In the magnetic field its polarization reaches a value 
of about 60 percent and at the same time its intensity increases about 
threefold. This increase in intensity is not due to broadening of the 
absorption line; for the light emitted is readily absorbed by a few centi- 


meters of mercury vapor at the same temperature. 
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An impressed magnetic field perpendicular to the beam and parallel 
to its electric vector produces no efiect other than that mentioned above 
for intense fields. This isin marked contrast to the increased polarization 
of the resonance radiation of sodium vapor under similar conditions, 
which will be taken up presently. 

A field parallel to the direction of the exciting beam (Fig. 3c) destroys 
the polarization of the light emitted nearly parallel to the beam and 
reduces to 60 percent the value of the polarization of the light emitted 
perpendicular to the beam and to its electric vector but produces polariza- 
tion and an increase in intensity of the light emitted in the direction of 
the electric vector of the exciting beam. In both cases where the field 
produces polarization of the light emitted in this direction, the electric 
vector of the stronger component is found to be perpendicular to the 
direction of the magnetic field. 

A magnetic field whose direction lies in the plane determined by the 
direction of the exciting beam and of its electric vector and is inclined 45° 
to both of these directions (Fig. 3d) destroys the polarization of the light 
emitted in a direction perpendicular to the beam and its electric vector. 
A field in this direction is the resultant of two fields, one parallel to the 
exciting beam, the other parallel to its electric vector. The first of these 
reduces to 60 percent but does not destroy the polarization of the light 
emitted in the direction under consideration, while the second produces 
no effect upon it. 

It had occurred to us that the high value of the polarization shown by 
mercury resonance radiation in the absence of a magnetic field might be 
due to an orientation of the resonating atoms produced by the exciting 
beam of light. This, however, cannot be the entire explanation, for the 
polarization of the resonance radiation emitted in this case corresponds 
quite closely to what one would expect on the classical theory from an 
electron vibrating parallel to the electric vector of the exciting beam. 
How the fact of the emission of light so polarized is to be brought into 
line with the present quantum theory concepts of atomic structure 
remains to be seen. 

The magnetic field of 2 beam of sunlight concentrated by a lens affords 
a ready means of testing whether a very rapidly varying field not of the 
resonance frequency can produce any effect on the polarization of reson- 
ance radiation. If on the average one half of the energy of a light beam 
is magnetic then a lens 5 cm in diameter with a focal length of 25 cm will 
produce in the narrow beam near its focus a magnetic field of about three 
gauss. The introduction of an orange screen to cut off the actinic rays 
reduces this intensity to some extent, but probably not by more than two- 
thirds. A field of about one half gauss, having any desired direction, 
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may then be obtained by placing a large nicol prism before the lens. A 
steady field of this magnitude, having its direction parallel to the mag- 
netic vector of the exciting beam of \2536 radiation will reduce the value 
of the polarization of the light emitted along the field to less than twenty 
percent. It was found that the magnetic field of such a beam of sunlight 
produced no effect upon the polarization of the resonance radiation. 
Hence if any orientation is produced by the magnetic field of the exciting 
light beam it would seem that its explanation must depend in some way 
on the relation between the frequency of this field and that of the electron 
in the 1S or 2 orbits. 


EXPERIMENTS WITH SODIUM VAPOR 


In attempting to obtain fairly intense resonance radiation with sodium 
vapor various types of sodium and sodium amalgam arcs and discharge 
tubes were tried. In every case as soon as the arc or discharge tube was 
run for a few seconds, it became heated so that the pressure of sodium 
vapor within it was sufficient to cause strong reversal of the D lines and 
consequent loss of intensity of the resonance radiation excited by its 
light. One of us had previously observed that a short section of soft 
glass introduced into the long hydrogen discharge tubes used for extend- 
ing the Balmer series in hydrogen, glowed with intense yellow light and 
that the emission of this light was confined to a very thin layer next to 
the wall of the tube. Such a condition should favor the emission of an 
unreversed line and it was found that when the light from such a tube was 
focussed upon a sodium resonance lamp very intense resonance radiation 
was obtained. The sodium in the surface layer of such a discharge tube 
soon becomes used up and the lamp loses its efficiency. Heating with a 
Bunsen burner will restore it for a short time, but even then the glass 
must be frequently renewed. To obviate this difficulty, a short side tube 
containing a small bit of metallic sodium was attached to the long 
hydrogen tube. By slightly heating this side tube fresh sodium can be 
distilled over into the discharge tube whenever it is required. 

The light from a slit placed close to such a discharge tube was rendered 
parallel by a condensing lens of short focus, was passed through a large 
nicol prism and was then focussed at the center of the resonance lamp by a 
second lens. The resonance lamp consisted of a pyrex glass bulb about 
3.5 inches in diameter to which were attached two side tubes, one for 
exhausting and the other containing a mixture of shavings of metallic 
calcium and common salt. By heating the latter sodium is set free and 
may be distilled over into the resonance lamp as required. 

The resonance lamp was kept continuously in communication with 
the pump, and a suitable pressure of sodium vapor was maintained by 
heating it over an asbestos chimney having a nest of bunsen burners at its 
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base. The bulb must be maintained at a temperature of about 185°C, for 
if it is heated much above this point the resonance radiation becomes 
almost entirely superficial and is not polarized. 

The polarization of the resonance radiation was observed by means of a 
quartz wedge and nicol prism. Quantitative measurements of the degree 
of polarization were made by interposing one or two plane parallel glass 
plates between the quartz wedge and the resonance lamp and determining 
the angle through which these plates had to be rotated to cause the 
fringes to disappear. 
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Fig. 4. Diagrammatic representation of results for sodium D resonance radiation. 


The resonance radiation of sodium is not as completely polarized 
as that of mercury, nor is its polarization as easily affected by a magnetic 
field. When excited by plane polarized light in the absence of a magnetic 
field the radiation emitted perpendicular to the exciting beam and to its 
electric vector is about six percent polarized. This low initial value of the 
polarization may be due to the presence of hydrogen,* which it seems 
impossible to eliminate entirely. It is well known that the presence of 
very small traces of hydrogen greatly reduces the polarization of the 2536 
resonance radiation of mercury. 

The effect of an impressed magnetic field is in general the same with 
sodium as with mercury, though much more intense fields are required 
and the values of the polarization are never as great. 

In the case of mercury the effect of the field reaches practically its 
maximum value with intensities of 2 or 3 gauss, while with sodium fields 
of 80 to 100 gauss are required. 

A field perpendicular to the exciting beam and to its electric vector 
destroys the polarization of the light emitted along the field and. produces 

* Subsequent work by one of us has shown that the values of the polarization in 


sodium resonance radiation given here are low because of the presence of hydrogen. 
The results of this investigation will be published shortly. 
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about 25 percent polarization together with an increase in intensity in the 
light emitted perpendicular to the field and to the exciting beam. 

If the direction of the field is now rotated in a plane perpendicular to 
the electric vector of the exciting beam (Fig. 4a) the value of the polariza- 
tion of the light emitted parallel to the electric vector of the exciting beam 
remains constant, its plane rotating with the field so that the electric 
vector of its stronger component is always perpendicular to the field. 
At the same time as the field becomes parallel to the exciting beam the 
polarization of the light emitted perpendicular to the exciting beam and 
its electric vector increases to about 30 percent, so that we have practi- 
cally uniform 30 percent polarization in all azimuths in a plane perpen- 
dicular to the field. In fact with mercury and probably with sodium, 
the effect of a field in any direction in a plane perpendicular to the electric 
vector of the exciting beam is to produce uniform polarization in all 
azimuths in a plane perpendicular to the field. This could not be com- 
pletely verified with sodium because of the difficulty of observing the 
polarization of light emitted nearly parallel to the exciting beam. A field 
parallel to the electric vector of the exciting beam produces an increase 
from the initial 6 percent to about 30 percent in the polarization of the 
light emitted perpendicular to the beam and to its electric vector, whereas 
in mercury such a field did not affect the polarization. 

With the visible D line resonance radiation of sodium we may also 
follow the effect upon the polarization as the field is slowly rotated in the 
plane of the exciting beam and its electric vector (Fig. 4b). As the 
field is rotated from a position parallel to the exciting beam, the plane of 
polarization rotates with it, so that the electric vector of the stronger 
component of the light emitted perpendicular to the field and the exciting 
beam is always perpendicular to the field. At the same time the polariza- 
tion decreases and disappears when the direction of the field makes an 
angle of 45° with that of the exciting beam and of its electric vector. As 
the field is rotated on past the 45° position toward the direction of the 
electric vector of the exciting beam, the polarization gradually reappears 
and reaches a final value of about 30 percent with the electric vector of 
the stronger component now parallel to the field. 

It has been found that resonance may be excited at the 1S—2P,,2 
doublet of caesium, but for lack of time we have not yet studied its 
polarization. 

The polarization of the white light of fluorescence of iodine vapor and 
of the white light scattered by mercury vapor at high pressures and hy 
ether vapor is not affected by magnetic fields. 


Jouns Hopkins UNIVErsity, 
June 13, 1924. 
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ON DISCHARGES FROM POINTS IN GASES, 
WITH SPECIAL REGARD TO SO-CALLED DARK DISCHARGES 


JOHN ZELENY 


ABSTRACT 


Low current discharges fcom points.—(1) Variation of luminosity with cur- 
rent for airand HClvapor. A study was undertaken to determine whether so- 
called dark discharges are really distinct forms of discharge and whether they 
are altogether devoid of light. Discharges from points were chosen because the 
discharge is so concentrated at a point that luminosity should most easily be 
seen if present. Observations were made through a microscope and show (1) 
that the light does not disappear suddenly but fades out gradually as the cur- 
rent is reduced and (2) that there is no abrupt change of current with voltage 
in this initial region of the discharge. The limiting current to give a visible glow 
increased from 2 X 10~* to 8X 10-* amp. for negative discharges in air at atmos- 
pheric pressure as the diameter of the point was increased from0.01 to1.14 mm. 
For positive discharges the limiting current was roughly twice as large. With 
pure HCI vapor, higher voltages were necessary but the behavior was similar. 
(2) Initial stages in discharges from points in air were studied by increasing by 
means of alpha rays the ions normally present until the current due to them 
alone was measurable on a galvanometer. Typical results are as follows. In 
the case of a certain point, as the voltage was increased, the positive current 
began to increase gradually at about 2,000 volts below the normal starting 
voltage 5,000 volts, whereas the negative current was constant to over 4,500 
volts and then increased very suddenly. This behavior is explained in terms 
of known properties of the ions. (3) Luminous effects of point discharges in 
air and in helium. Microphotographs are reproduced showing the thin glow 
covering the surface of the positive electrode and the fan shaped brush spread- 
ing from a small luminous area of the negative electrode. Changes in the 
luminous effects with changes of pressure are noted. 


DARK DISCHARGES 


1. The literature on the discharge of electricity through gases contains 
frequent reference to a non-luminous form of discharge, a so-called dark 
discharge. Faraday in his Experimental Researches in Electricity de- 
votes a number of paragraphs (1544-1560) to dark discharges, but ap- 
parently he usually means by dark discharges dark spaces in otherwise 
luminous discharges, such as the dark space that now bears his name. 
Thus in paragraph 1548 he says, ‘“‘Discharges between air and conductors 
without luminous appearances are very common”; but from what goes 
before it is probable that Faraday does not here mean that there is no 
luminescence anywhere in the path of the discharge but rather that no 
light comes from that portion contiguous to a metal electrode. Never- 
theless in paragraph 1555 he states that in muriatic gas at atmospheric 
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pressure ‘‘the discharge was . . . frequently with no light at all, though 
electricity had passed through the gas.’’ This case will be considered 
further in paragraph 10. 

2. Some evidence that a minute non-luminous discharge precedes the 
passage of a spark, even though it could not be detected by means of an 
electroscope, was obtained by Warburg.' A time lag often occurs be- 
tween the establishment of a potential difference between two electrodes 
and the passage of a spark between them. Warburg found that under 
certain conditions the application of a transverse magnetic field to the 
spark gap prolonged the lag, and since such a field when applied to a 
luminous discharge diminishes the current it was thought that here a 
weakening occurred in some minute current whose presence is necessary 
before a spark can pass. See paragraph 11. 

3. The dark discharge is generally said to be the first of a number of 
forms which discharges take as the current between the electrodes is 
gradually increased. Thus J. J. Thomson in his ‘‘Discharge of Electricity 
through Gases,”’ 2d edition, gives diagrams, that are referred to Toepler,’ 
which show qualitatively the relation between the current and the applied 
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Fig. 1. Current voltage curves for discharge between positive blunt point and plate, 
according to Toepler. A, dark discharge; B, glow discharge; etc. 








voltage for the different forms of discharge between a blunt point and a 
plate. The diagram giving this relation when the point is positively 
charged is reproduced in Fig. 1, in which the portions A, B, C, D and E 
represent respectively the relation between the current and the applied 
voltage in the regions of the so-called dark discharge, the glow discharge, 
the brush discharge, the brush arc (Buschellichtbogen) and the arc 
discharge (Flammenbogen). When the point was charged negatively 


1E. Warburg, Wied. Ann. 62, 385 (1897) 
2M. Toepler, Ann. der Physik 7, 427 (1902) 
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the main difference noted was the absence of B, the glow discharge. 
The different forms of discharge are shown separated by current regions 
where the flow is discontinuous and consists of sparks. These regions of 
discontinuity change in extent with the capacity of the electrodes and 
practically vanish when the capacity of the electrodes is very small. 
The variation of current with applied voltage apparently follows different 
laws on the two sides of a discontinuity and accordingly the region A 
indicates in reality a different type of discharge from that in region B 
and is not to be regarded as a mere fading out of the glow discharge 
B toa point where the light can no longer be perceived by the eye. 

4. Toepler, in the paper referred to, states that the above figure 
represents a summary of the results given in a previous paper® on the 
current limits of the different forms of discharges between a blunt point 
and a plane; but in neither of these papers does he record any observations 
on the dark discharge itself nor does he mention any observations on 
currents in this region A having been made either by himself or anyone 
else. Toepler’s recorded observations begin with the currents and volt- 
ages for which under different circumstances the first region of discon- 
tinuous currents starts.* He calls this point “‘the limiting voltage of the 
non-luminous discharge, i. e., the voltage for which luminescence is first 
connected with a flow of electricity from the electrode.’’ Other writers, 
he states, call this voltage either the beginning voltage (Anfangspotential- 
differenz) or the discharge voltage (Entladungspotentialdifferenz). Under 
a caption of discharge from points, however, Toepler defines the begin- 
ning voltage rather differently as the potential difference for which a 
discharge from the electrode first begins, ‘neglecting purely electrolytic 
conductivity.” 

5. It is well known that when two electrodes at even a small difference 
of potential are immersed in a gas, a current of electricity flows through 
the gas, which is of the order of 10~” ampere per liter of gas at atmos- 
pheric pressure, owing to ions produced in the gas by various agencies. 
It is recognized too that in general these ions are necessary precursors 
of the various forms of discharge which may become established between 
the electrodes when the voltage between them is sufficiently increased. 
But the current due to the initial ions is not to be taken as one of the forms 
of discharge here being considered. These latter forms appear when 
the original ions have by collision become greatly multiplied and they 


3M. Toepler, Ann. der Physik 2, 560 (1900) 

4 My own experience is that if discontinuous currents occur, there is no discharge 
current below this stage. The point is what is called a sensitive point. When smaller 
steady currents are met with, the above intermittent stage is absent. 
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258 JOHN ZELENY 
represent more or less stable but distinct modes of distribution of electric 
charges and of electric fields, and hence of places of ionization and places 
of recombination. The question which it is proposed to consider is whether 
the dark discharges to which reference has been made constitute a form 
of discharge which differs in this sense from the positive glow discharge 
or the negative brush discharge; or whether they are a mere fading out 
of these discharges to a point where the light is nolonger detected by the 
the eye. 

Gases through which currents are passing, owing to the normal ioniza- 
tion or even when this has been augmented by exposure of the gases to 
Réntgen rays or the radiations from radioactive bodies, do not appear 
luminous, but our present ideas regarding radiation indicate that luminous 
radiation must be present in these cases although it is too faint and diffuse 
to be detected by the eye. There is recombination here of ions which are 
of the same kind as those that cause at least a part of the light in the 
luminous forms of discharge. It would be a matter of great interest if it 
could be shown that dark discharges exist which are really completely 
devoid of radiation. 

6. Some study has been made of the early stages of discharges when the 
current flowing is small, both with regard to the luminous effects present 
and with regard to the voltage current relation. A large static machine 
was used and was arranged so as to supply a constant voltage that could 
be varied at will. Currents were measured by a galvanometer with a 
current sensitivity of 1x10-'° ampere per scale division. 

In order to observe the luminous effects of small currents to best ad- 
vantage, the discharge should at some part of its path be concentrated 
to a small cross section. This condition is well met in the region near the 
surface of a pointed conductor used for a point discharge, since here both 
ionization and recombination occur within a very restricted volume. 
Experiments were made to find the smallest current flowing under these 
circumstances for which visible radiation could be detected from the 
space near the point, observations being made through a microscope 
magnifying about 30 diameters. In order to have a definite spot on which 
to focus the eye, the observations were usually made with decreasing 
currents. Under favorable conditions light could be seen with certainty 
when a negative current from an insensitive steel needle point, about 0.01 
mm in diameter at its end, in air at atmospheric pressure was reduced 
to a value as low as 2X10-° ampere.’ The light did not vanish suddenly 
as the current was reduced, but faded out gradually leaving the impression 


5In a recent paper G. Holst and E. Oosterhuis (Phil. Mag. 46, 1118, 1923) state 
that in a neon discharge tube a glow may be seen with currents of the order of 10-® amp. 
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that radiation was present with a still smaller current but was too feeble 
for the eye to perceive. It should be remarked that the voltage needed 
for the above limiting current was only about 10 volts above the 
value for which the current ceased to flow. There was nevertheless this 
small region where a current could be measured but no light detected. 

7. The limiting current for visibility of the negative discharge increases 
with the diameter of the point used. Thus witha point consisting of a brass 
wire 0.42 mm in diameter having a rounded end, the limiting current was 
about 110-* amperes, while with a similar point 1.14 mm in diameter 
the limiting current had a value of about 8X 10-* amperes. This variation 
in the limiting current with the size of the point is doubtless due to the 
fact that with the larger points the luminous area at the metal surface 
is larger and hence for the same current the intrinsic brightness of the 
light is smaller. The luminous portion of a negative discharge consists 
of this luminous area at the surface of the metal and of a luminous brush 
which extends from it whose length is roughly that of the diameter of 
the point used (see paragraph 19). The light area at the surface has the 
greater intrinsic brightness, and as the current is gradually reduced the 
brush portion usually appears to fade out a little before the luminous 
spot does on the electrode surface. In positive discharges the light is 
confined to a thin coating over the end of the point. The area of this is 
larger than the surface glow in negative discharges and has a smaller 
intrinsic brightness and the current limits for visibility observed for 
positive discharges were usually about twice as large as those for negative 
discharges. 

8. In making observations on the limiting current for which the dis- 
charge shows luminescence it is necessary to use points which are not 
sensitive.© With sensitive points there is a retardation in the commence- 


ment of the discharge which prevents observations with currents of very 
small value, since the discharge often commences and stops suddenly 
with a current larger than the limiting values which have been given 


above. Observations made with points of this character showed that the 
luminescence ceased suddenly as the current was reduced in value, but 
the current stopped simultaneously with the disappearance of the light. 
The beginnings of discharges from points of this kind often consist of a 
more or less rapid succession of momentary discharges’ and it is quite 
possible that the discontinuous discharges preceding the formation of the 
regular glow discharge upon which Toepler®* made observations in some 
of his experiments, were discharges of this kind. 


® See J. Zeleny, Phys. Rev. 16, 102 (1920) 
7 See J. Zeleny, Phys. Rev. I, 25, 310 (1907); II, 3, 70 (1914) 
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9. Observations were made to find whether in the region of small 
currents there is any point at which the discharge undergoes a change in 
character with change of current, such as would be indicated either by a 
change in the form of the attendant light or by a sudden change in the 
value of the current for a small change of voltage. No changes of this 
kind were detected and I am led therefore to believe from this, and from 
the fact that the luminescence at a point fades out gradually, that as the 
current is reduced the positive glow and negative brush discharges 
persist as such even through the region where the eye can no longer see 
any light. There certainly is no sudden change of current at the voltage 
for which the light ceases to be detectable with the eye. 

The evidence presented therefore speaks strongly against the existence 
of the dark discharge as a distinct form of discharge (see paragraph 
17 also). 

10. Attempts were made without success to verify Faraday’s observa- 
tions of a non-luminous discharge in hydrochloric acid gas (paragraph 1). 
Pure hydrochloric acid, prepared by the action of sulphuric acid on sodium 
chloride, was used at atmospheric pressure. The discharge vessel con- 
sisted of a glass tube 2.5 cm in diameter in which two brass rods with 
rounded ends were placed axially as electrodes. The rods were 6.4 mm 
in diameter and their ends were either 3 or 5 cm apart, these dimensions 
being approximately those used by Faraday. 

It was found that a much larger voltage is required to produce a dis- 
charge through hydrochloric acid than is required for air, and with these 
large rods used as electrodes even with potential differences of the order 
of 40,000 volts the luminescence in the gas was confined mainly to the 
neighborhood of the electrodes. The luminescence at the cathode was 
more diffuse and did not show as distinct an outline as is found in dis- 
charges through air. When observed in the dark with the unaided eye 
the light could be followed as the current was diminished down to at 
least 610-7 ampere. The light did not cease suddenly but faded out 
gradually; and the current broke suddenly at a value not much below 
that just given. The high voltages necessary for the production of dis- 
charges between the large electrodes used caused brush discharges and 
corona effects to appear on the connecting wires. The current reading 
instrument had therefore to be carefully shielded for otherwise when no 


* For voltages just above that for which the current starts, the current at any one 
voltage often undergoes irregular changes of magnitude. Points for which these fluctua- 
tions of current are observed may be slightly sensitive and the current may start and 
stop irregularly but too rapidly for the galvanometer to return to zero between the 
impulsive currents. 

















DISCHARGES FROM POINTS IN GASES 261 


current was passing through the discharge vessel a current was still in- 
dicated owing to ions coming to the instrument wires from the corona 
discharges. 

The experiments were next repeated using for the cathode a platinum 
wire of 0.42 mmdiameter. The vessel now used had a glass bulb of 5.5 cm 
diameter with a plane window through which the region near the cathode 
could be observed with a microscope. The luminescence was now fol- 
lowed down to a current of 110-*° ampere, which is the same limit as 
was found with air in the apparatus. With a still smaller wire (0.17 mm 
diameter) for the cathode, the current observed at the limit of visibility 
of the luminescence was 3X10-* ampere. In these cases also no abrupt 
changes in the current for small changes of voltage were noted. These 
experiments indicate that hydrochloric acid gas is not exceptional and 
that there is no change in the form of the discharge when the luminescence 
from it becomes invisible. Moreover since Faraday in all probability did 
not have current measuring instruments as sensitive as those used in 
these experiments we may conclude that the current he observed when 
the discharge tube was dark did not actually pass through the gas in 
the tube. 

11. As regards the experiments of Warburg, mentioned in paragraph 2, 
in which it was found that under certain circumstances a transverse 
magnetic field prolonged the lag in a spark discharge, it is probable that 
an explanation of them is to be found in deflections by the magnetic field 
of the motions of the ions which are normally present in gases and which 
initiate the spark. The magnetic field produced the effect noted only 
when the experiments were made in air at low pressures (.02 mm to .08 mm 
of mercury) where owing to the length of their free paths the ions are 
deflected to a large extent by the magnetic field. Owing to this deflection 
a part of the ions may be driven to the sides of the discharge vessel, and 
those that reach the electrode may not make as advantageous an impact 
as they otherwise would have done for the removal of that resistance 
layer which causes the lag, and which according to my view® consists of 
a non-conducting layer of adhering molecules from the surrounding gas. 


STARTING POTENTIALS 


12. There is some question as to when a discharge between two elec- 
trodes in a gas should be said to have started. There is always a small 
current through the gas even when the applied voltage is small, owing to 
the ions normally produced there. This current is quite inconstant be- 
cause these ions must vary greatly in number from moment to moment. 


* J. Zeleny, Phys. Rev. 16, 102 (1920); 19, 566 (1922) 
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The passage of one alpha particle through a gas, for example, produces 
enough ions to supply the measured average natural leak for many 
seconds. 

The starting potential for a discharge might be defined as the voltage 
necessary for the normal ions to begin producing other ions by impact, 
which is a rather indefinite value owing to the nature of this process of 
ionization. The starting potential is, however, usually taken to be the 
potential for which the normal ions have been increased to such an extent 
that the current through the gas becomes measurable on a sensitive gal- 
vanometer, and the term is so used in this paper. The definition has 
obvious though not serious defects. 

In some cases it requires a somewhat higher voltage before the dis- 
charge becomes visible to the eye, and this higher voltage is sometimes 
called the starting voltage or the discharge voltage. This limiting voltage 
for visibility of the discharge, for non-sensitive points at least, depends 
on the sensitiveness of the eye. 

Theoretically at least, a better way to define the starting potential 
is to call it that potential for which the discharge first becomes self 
sustained, that is, the lowest potential for which a current would con- 
tinue to flow if the original sources of ions were removed. Naturally 
some new ions may be produced by collision and the discharge not be- 
come self sustained. It will be shown below (paragraph 18) that for 
positive point discharges the initial ionization may be increased in some 
cases at least a hundred-fold before a self sustained discharge will flow. 
Under ordinary conditions the factor may be fully a million. A practical 
difficulty with the application of-this definition is the impossibility of 
completely removing all of the sources that produce the normal ions in 


a gas. 
THE USE oF EXTRANEOUS SOURCES OF IONIZATION 


13. When the initial current in a point discharge is measured on a 
sensitive galvanometer, which is the usual instrument used for this 
purpose, it is found that the current increases with voltage more rapidly 
than one is at first led to expect from the theory of ionization by colli- 
sion; but no valid conclusion may be drawn from such measurements 
regarding the rate at which the normal ions in the gas increase with volt- 
age because with the smallest readable deflections the normal ions have 
already been increased by a factor of about.one million. 

However, Hovda!® was not able to detect any current from a point 
by means of a sensitive electroscope for voltages below that for which a 


1” QO. Hovda, Phys. Rev. 34, 25 (1912) 
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galvanometer ceased to show a deflection, and it seems possible that 


owing to some surface conditions the current from a point when once 
started increases quite rapidly with voltage. 

In order to throw some light on the manner in which the initial cur- 
rent from a point changes with voltage some experiments were made in 
which by the aid of alpha rays the ions in the neighborhood of a point 
were increased to such an extent that the current due to them alone 
could be measured on a galvanometer. Obviously under these conditions 
the original state of affairs is not duplicated exactly on a magnified scale 
since the space charges and the current densities over the point surface 
are now much larger than before. 












































Fig. 2. Apparatus for studying the effect of ionization by alpha rays from D on 
discharge from A to B. 


14. The apparatus was arranged as shown in Fig. 2. The point A 
was placed about 1.5 cm from a disk B which was connected to earth 
through a galvanometer whose sensitivity was varied from 2 to 9X10-" 
ampere per scale division. An opening in the center of the disk B was 
covered with thin aluminium foil, so that alpha particles projected from 
the polonium plate D could pass through the foil and produce ions in the 
air about A. The number of alpha particles reaching the neighborhood 
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of A was regulated by means of the rotating diaphragm C (shown in 
plan at the side of the figure) which had in it a number of openings ranging 
from 1 mm to 1 cm in diameter. These openings could be brought in 
succession over D by rotating C by means of F and the cog wheels E. 

Some typical results obtained when the point A was a cylindrical brass 
wire of diameter 0.39 mm with a rounded end, are shown in Fig. 3. 
Without the rays from D the two discharges began at nearly the same 
potential as shown by the curve marked 0.0 which represents both kinds 
of discharges. The other full line curves represent positive discharges 
from the point, and the broken lines, negative discharges. The numbers 
on the curves indicate the sizes of the openings in the diaphragm C 
through which the alpha particles passed. 
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Fig. 3. Current voltage curves obtained with apparatus shown in Fig. 2. Full lines, 
positive discharge from point; dotted lines, negative discharge. 
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The curves for the positive discharges all show with increase of voltage 
first a saturation value of the current due to the initial ions alone and then 
an additional current due to the ions produced by collision. This latter 
at first increases very gradually and then more and more rapidly. On the 
large scale used the curves eventually become nearly vertical and this 
point is reached at a lower voltage the greater the initial ionization. 

The curves for the negative discharges on the other hand do not show 
any gradual rise from the saturation value but at a certain voltage each 
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curve bends upward quite abruptly. The voltage at which this sudden 
increase of current occurs was usually, as shown by the curves in the figure, 
the lower the greater the initial ionization; but at times a considerable 
variation was found in this regard in repeated readings and the curve 
with descending voltages did not always coincide with that for ascending 
voltages. It is surprising that the negative discharges should show such 
variation in the starting potential with an initial ionization so large as 
it was in this case. 

It is probable that when ionization about a point is of the normal 
amount, the positive ionization current increases in a manner similar 
to that shown by the curves in Fig. 3, except that the original ions 
multiply more rapidly since the space charges which tend to limit ioniza- 
tion by collision are smaller. 

A perusal of the curves for positive discharges in Fig. 3 shows the 
difficulty of designating a definite potential as the starting potential. 
Ionization by collision begins very gradually. The potential for 
which a galvanometer will first show a current or where the eye 
will first see light both depend upon the sensitivity of these instru- 
ments. It was found that the most definite point is the lowest voltage 
for which a current is still detected when the source of ions is removed. 
To be sure this is very nearly the same as that for which, with only a 
normal amount of ions present, a sensitive galvanometer shows a de- 
flection or for which the eye sees luminescence. When the results both 
with and without extraneous radiations are compared for higher voltages 
than those given it is found that the currents under the two conditions 
gradually approach each other and finally become identical. 

15. The behavior with discharges of both signs remained essentially 
as described above when the pressure of the air in the apparatus was 
reduced to one quarter of an atmosphere, not only for the point men- 
tioned but also for a similar brass point 1.59 mm in diameter, for a plati- 
num globule 0.56 mm in diameter, for a fine steel sensitive point, and even 
for a liquid point of water.'"' With the sensitive steel point, however, the 
voltage at which the sudden increase of negative current occurred was 
practically independent of the initial amount of ionization, within the 
limits used. In some readings taken in the open air the negative discharge 
did not always commence as suddenly as has been described, the voltage 
current curve being slightly rounded at the place where the current starts 
to increase rapidly. 

The results given show that although with extraneous ions the current 
begins to increase, owing to ionization by collision, for a much smaller 


uJ. Zeleny, Phys. Rev. 3, 69 (1914) 
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voltage when the point is positive than when it is negative, still for this 
particular point the two discharges begin normally at nearly the same 
voltage. In general for points having diameters below 0.5 mm, the 
negative discharge begins normally at a lower voltage than the positive 
discharge, the difference being the more marked the smaller the diameter 
of the point.!2 Townsend and Edmunds" found the reverse to be the case 
with points having a diameter larger than 0.5 mm. Negative discharges 
from large points usually start impulsively and while for these points the 
negative starting voltage is larger than the positive, still some recent 
observations I have made show that for points between 0.5 mm and 
2.36 mm in diameter the two discharges stop at almost identical potentials. 

16. The experiments described in the preceding paragraphs show a 
great difference in behavior between positive and negative ioniza- 
tion currents from a point; the positive current increasing owing to 
ionization by collision slowly at first with increase of voltage, and then 
more and more rapidly, whereas the negative current at a certain voltage 
starts to increase abruptly at a rapid rate. This difference of behavior 
may, I think, be explained by the following consideration. When the 
point is charged positively the negative ions from the whole space sur- 
rounding the point are drawn towards the point by a field which gets more 
and more intense as the point surface is approached. Ionization by col- 
lision will naturally first start near the surface of the point and this will 
occur when the field there has been increased to the value requisite for 
such ionization. As the voltage of the point is increased above this value, 
the amount of this ionization will gradually increase. The positive ions 
formed in this process will move outward into a rapidly diminishing field 
and since positive ions do not ionize by collision as readily as negative 
ions do there will be practically no new ions formed by them when the 
field is only barely sufficient for ionization by collision for negative ions. 
The increase in the total current will in the initial stages accordingly be 
that arising from ions produced by negative ions alone and will therefore 
show a gradual growth as the voltage increases. 

The case is, however, quite different when the point is charged nega- 
tively. It is now the positive ions that are drawn from the inter-electrode 
region towards the point and the field near its surface for ionization by col- 
lision to begin must now be larger than before; but when negative ions are 
produced near the point, even though their motion is away from the point 
and into a weaker field they will nevertheless be able for some distance 
to ionize by collision owing to the fact that the speed necessary for them 


12 J. Zeleny, Phys. Rev. 25, 305 (1907) 
13. J. S. Townsend and P. J. Edmunds, Phil. Mag. 27, 796 (1914) 
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to do this is smaller than is required for positive ions. This additional 
ionization will increase the number of positive ions going toward the 
point, and the current therefore will build up rapidly until the space 
charge in the whole region between the electrodes limits further increase. 
The sudden increase of the current with negative discharges is thus ex- 
plained. 

17. Observations were made with positive discharges on the smallest 
current for which luminescence near the point could be detected when 
the normal ionization was greatly increased by means of alpha rays. 
The current due to the ions produced by these rays was, for example, in 
one case 3X10-* ampere, but so long as the current was maintained 
by these ions alone no light could be detected although without these 
added ions light would have been seen with a discharge current of but 
one-third the magnitude given. Luminescence appeared at the point, 
however, as soon as, owing to ionization by collision, the total current 
had been increased up to 4X10-* ampere. 

_The first current arose from ions produced more or less uniformly 
throughout the whole space between the electrodes and any light which 
may have resulted from recombination near the point surface or else- 
where was too diffuse to be perceived. The added ionization due to im- 
pact was, however, produced as usual in a very small volume near the end 
of the point and luminescence was detected as soon as the current due 
to this added ionization was of approximately the same magnitude as 
that for which light was first observed when only the normal number of 
ions was present initially. 

18. A temporary injection of a large number of ions between a point 
and a plane does not lower the voltage at which a current may be main- 
tained between them. An insensitive point was charged to a potential 
a few volts below that for which a sensitive galvanometer would indicate 
the slightest deflection. Some radioactive material was now brought near, 
which caused a current of several microamperes to flow. On removing 
the radioactive material the current always stopped completely. More- 
over if a measurable current were already flowing from the point when the 
radioactive material was approached, the increase of current produced 
thereby disappeared as soon as the radioactive material was removed. 
We must conclude therefore that under normal conditions the ions 
present in the air are sufficient in number to maintain a current measur- 
able on a galvanometer from an insensitive point at the lowest voltage at 
which it is possible to maintain such a current.'* There is some question, 

4 With sensitive points, however, the discharge voltage may be greatly lowered 
by a temporary injection of additional ions into the space near the point. 
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however, whether a small discharge current near the starting voltage 
would continue to flow were it possible to remove all of the sources of the 
normal ions in the air. Judging from the case cited where the current 
produced by added ions disappeared with the removal of the source of 
these ions we are led to believe that it is very probable that at or near the 
starting potential the current has not reached a self sustaining stage and 
would stop if the sources of the normal ions could be removed. 

In Fig. 3 the currents obtained when different amounts of alpha par- 
ticles were made to traverse the space near the discharge point are not 
shown for a voltage as high as was required to produce the first measurable 
current without the alpha particles, but it may be said that at this start- 
ing voltage the current with the alpha particles present was about a 
hundred times the saturation value due to the ions produced directly by 
these particles. Under ordinary conditions the ions at the starting voltage 
must have already been increased by the process of impact by as much as 
a millionfold, as is readily computed from the known number of ions 
produced normally in the air per cc per sec. and from the sensitivity 
of the galvanometer. The great difference in the rate of multiplication 
of ions in the two cases is doubtless due to the greater effect of the space 
charge upon the field near the point when the larger number of ions is 
present. 


Luminous EFFEcTs OF DISCHARGES 


19. The luminous effects which accompany electrical discharges from 
a pointed conductor are known to be quite different when the conductor 
is charged negatively and when it is charged positively. Some micro- 
photographs of these effects with a magnification of six diameters were 
made and some of these are reproduced on Plate I. The points used 
varied from a sharp steel needle to a cylindrical wire of 1.59 mm diameter. 
They were placed in the open air 1.5 cm from a plate. The applied volt- 
age was in each case approximately 10,000 volts and the resulting cur- 
rents varied between 10 and 42 microamperes for the different sized points. 
The photographic plates were exposed to the light from the discharge 
for 2 to 8 minutes and an additional background exposure was made in 
each case to show the outline of the point itself. 

Figures 1, 4, 7, and 8 of Plate I represent positive discharges. The 
light here appears as a glow and is confined to the immediate neighbor- 
hood of the surface of the electrode. The luminescence does extend some 
little distance into the gas, and this distance increases with increase of 
current density as is evidenced by Fig. 8, which shows a distinct little 
ball of light at the tip of the needle point. To get as much light as possible 
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Plate I. Figs. 1, 4, 7, 8 show positive low current discharges from points in air; 
Figs. 2, 3, 5, 6, 9 show negative discharges. Magnification < 6, 
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the currents used were quite large for point discharges and the luminous 
region has spread down the sides of the points especially in Figs. 7 and 8, 
although for small currents the light is confined to a portion only of the 
hemispherical end. 

Figs. 2, 3, 5, 6 and 9 of Plate I show negative discharges. Here the 
light starts at a small area of the point surface and spreads outward 
fanwise. This flare of light is seen to extend farther into the gas the 
greater the diameter of the point and very likely the luminous limit 
represents some definite limit of field intensity. The glow area at the 
electrode is apt to wander somewhat over the surface of the electrode 
but in these experiments there has evidently not been much motion. 
A characteristic of negative discharges which is visible in the original 
print of Fig. 3 and less clearly in that of Fig. 2, is a dark space that 
separates the glow at the metal surface from the fan-shaped region. (The 
lowest spot of light seen is a reflection in the bright surface of the electrode 
of the light above.) The thickness of this dark region at atmospheric 
pressure is only two or three hundredths of a millimeter. This dark 
space corresponds more or less closely to the Faraday dark space in dis- 
charge tubes at low pressures. This was made evident by observing with 
a microscope a negative point discharge in a closed vessel as the pressure 
was reduced. The dark space expands as the pressure is reduced, and the 
glow on the electrode is seen to be the negative glow of a characteristic 
discharge, since for air even at a pressure as high as one-half an atmosphere 
the Crookes dark space is clearly seen between the glow and the metal 
surface. In helium the Crookes dark space is visible at atmospheric 
pressure. Measurements have been made in different gases on the varia- 
tion of the thickness of these dark spaces with pressure and current, and 
these will be reported in another paper. 

20. It is of interest to note that the characteristic luminous effects 
at the electrodes for positive discharges and negative discharges, which 
have been described, are retained when both electrodes are pointed and 
discharges take place from both simultaneously. Ions in large numbers 
going from one electrode to the other do not therefore change the es- 
sential nature of the two discharges. Their general appearance is the same 
whether each is acting alone or in conjunction with the other. And even 
at lower pressures, when the current is increased so that luminous effects 
are present in the whole space between the two electrodes, the regions 
at the two electrodes still maintain to a gréat extent the main features 
observed with the two kinds of point discharges at atmospheric pressure. 

21. The light at a negative point undergoes the following changes when 
the pressure is gradually reduced below that of the atmosphere and the 
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voltage on the point is kept constant. The negative glow gradually 
covers more and more area and increases in thickness. The dark space 
separating the glow from the fan or brush widens. The brush also widens 
and becomes more and more faint. Then suddenly there appears a new 
narrow bright brush in the center of the other and the discharge previ- 
ously continuous now becomes intermittent, as tested by observation 
with a rotating mirror or as evidenced by the sound in a telephone re- 
ceiver placed in the circuit. The base of the new brush extends partly 
into the dark space separating the glow from the first brush. The be- 
havior described only applies when the current flowing is not large. 
Thus for a point 0.42 mm in diameter in air the current should be less 
than 50 microamperes. With a current above this value the narrow 
brush with intermittence of current appeared at every pressure. When the 
voltage is kept constant, the current increases with reduction of pressure, 
and finally reaches a value at which the sudden change occurs. This 
limiting value varies somewhat with pressure and with the nature of 
the gas. It is this brush which only appears with larger currents that 
under suitable conditions eventually joins a brush which starts from a 
small region of the positive electrode and forms with it the positive 
column. Often the ends of these two brushes approach close to each other 
but show a great reluctance to a union. At times both brushes show 
separate striations. 

22. The smallness of the area on the electrode from which the negative 
discharge spreads is a peculiar feature of these discharges. As pointed out 
in paragraph 16, the negative discharge starts when ionization by impact 
by positive ions first takes place at or near the surface of the negative 
electrode. When this process is once started the current builds up rapidly, 
and owing to the chance elements in the original ionization this building 
up of the current will commence first at some definite part of the surface. 
The conducting column formed will at once electrically shield the re- 
mainder of the surface so that the current only flows to that portion of 
the electrode where it originated. This spot may shift with time but 
there nevertheless seems to be some effect of the current on the surface 
(removal of adhering gas molecules or what not) which tends to confine 
the current to the same area. 

I am indebted to Mr. W. B. Lang for assistance in taking the micro- 
photographs and to Mr. H. O. Stearns for aid with some of the observa- 
tions. 


SLOANE LABORATORY, 
YALE UNIVERSITY, 
May 21, 1924. 
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A SPECTROSCOPIC STUDY 
OF THE CATHODO-LUMINESCENCE OF FLUORITE 


By Frances G. WICK 


ABSTRACT 


Spectra of the cathodo-luminescence of five samples of fluorite.—In the 
case of natural fluorite, the spectra excited consist of broad diffuse bands upon 
which are superimposed sharp bands. The effect of heating to 600°C before bom- 
bardment is to intensify the sharp bands and to weaken the diffuse ones. The 
effect of fusion in an oxidizing flame is much more radical, the color is changed 
and many new narrow bands are emitted. The wave-lengths as determined 
photographically and visually are given in tables. Comparison with the results 
of Urbain for cathodo-luminescence spectra of small percentages of rare earths 
in CaO and in CaFe shows that the bands observed are due to rare earth im- 
purities the most prevalent and conspicuous being samarium, dysprosium, 
europium, gadolinium and terbium. The fusion changes the fluoride to the 
oxide, at least on the surface. The sharpness of the bands and the dependence 
of the spectra upon the diluent materials is explained if we assume that the rare 
earth atoms enter into the crystal lattice and emit light under constraint by the 
neighboring atoms. 


LUORITE crystals may be excited to luminescence, as is well known, 

by various forms of energy such as heat, light, ultra-violet radiations, 
cathode rays, x-rays and radium. The luminescence due to cathode rays 
is characterized by a spectrum consisting of broad, diffuse bands upon 
which are superimposed, in the case of crystals from certain localities, 
sharp bands some of which are nearly as narrow as lines of a gaseous 
spectrum, The source of these lines has been the subject of much in- 
vestigation and some disagreement. Urbain,! ascribed these lines to the 
presence of rare earth impurities in quantities too small for detection 
by chemical analysis. Morse? was unable to prove that the lines ob- 
served were due to rare earths, but Tanaka,’ has identified certain rare 
earths as the active agents. 

The work here described was undertaken with the hope of getting 
further evidence as to the source of the sharp lines in the luminescence 
spectra of fluorites. The experimental difficulties involved in the study 
of the natural crystals are great because the lines are very dim and the 
change of the surfaces of the crystals under cathode ray bombard- 
ment makes necessary the exposure of a number of fresh surfaces for a 

1 Urbain, Comptes Rendus 143, 825 (1906); Ann. de Chemie et de Phys. (8), 18, 
256 (1909) 


2 Morse, Proc. Am. Acad. 41, 587 (1905-06); 43, 1 (1907-08) 
3 Tanaka, J. Opt. Soc. Amer. 8, 501 (1924) 
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single photograph. Since it is well known that heat treatment often has 
the effect of increasing the intensity of luminescence, it seemed possible 
that subjection of the fluorites to a high temperature before exposure 
to cathode rays might bring out the lines more strongly. The experi- 
ments here described show that by subjecting the fluorites to a tempera- 
ture high enough to fuse them, very sharp line spectra of much greater 
intensity than any observed with the unheated specimens may be brought 
out, thus making visual and photographic observations much easier. 
The results obtained from the study of such spectra verify the conclusion 
of Urbain that the lines in the luminescence spectra of fluorites are due 
to rare earth impurities. 

From a large number of fluorites occurring in widely different localities 
and showing a great variety of colors and intensities of luminescence, 
a few were selected in which sharp, line-like bands were superimposed 
upon the characteristic broad bands of the cathode ray spectra. Results 
are here given of observations upon the following varieties: 


Specimen 1, blue-green fluorite from Weardale, England; 
2, purple fluorite from Weardale, England; 

3, yellow fluorite from Scoredale, England; 

4, clear green fluorite from New South Wales; 
5, chlorophane from Virginia Courthouse. 


“ 
“ 


“ 


APPARATUS 


A part of the apparatus used for the study of the cathode ray spectra 
is shown in Fig. 1. The crystal under observation was mounted in a 
tube 7 (with a ground glass joint B) on an aluminum support so placed 
that the rays struck the specimen C at an angle of about 45 degrees. 
For the study of the ultra-violet spectra, the tube containing the speci- 
‘men was made of Pyrex glass with a quartz window in front of the 
specimen C, and a Hilger quartz spectrograph was used. For the study 
of the visible spectra, a Hilger spectrograph or spectroscope of the 
constant deviation type was placed with its collimator slit at S. The 
vacuum in the cathode ray tube was maintained by an oil pump kept 
running continuously because the specimens gave off gas upon bombard- 
ment. A Wappler x-ray machine was used as a source of excitation, the 
voltage varying with the state of the vacuum up to a maximum measured 
by an equivalent spark gap of a little over 2 cm. Ilford Special Rapid 
Panchromatic plates were used for work in the visible region and Seed 
30 plates for work in the ultra-violet. 


EFFECT OF HEAT TREATMENT 


Specimens of fluorite were heated in an electric resistance furnace for 
periods of from one to three hours to temperatures varying from 300° 
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to 600°C. Such treatment, as is well known, takes out all the natural 
color and usually causes the larger crystal masses to go to pieces or to 
become cracked and opaque. A study of the specimens under cathode 
ray bombardment shows that the luminescence very often has its color 
somewhat changed by this process of heating so that the red end of the 
spectrum is more prominent than it was before, and, in general, the period 
of phosphorescence is lengthened. The intensity of the line-like bands 
is increased and that of the diffuse bands decreased by the heating, but 
the positions of the lines are not changed. 














| S 
a 








Fig. 1 al, tube. 

Specimens of fluorite similar to those heated in the resistance furnace 
were heated by playing upon them an oxy-hydrogen or oxy-gas flame 
until fusion took place, at a temperature between 1100° and 1200° C 
as indicated by an optical pyrometer. The cathodo-luminescence of the 
fused specimens was quite different from that of the unfused, often 
changing from blue or green to orange or red. The spectra are char- 
acterized by very sharp lines of much greater intensity, more numerous 
and most of them with different wave-lengths from those observed with 
the natural crystals. 

The character and intensity of the luminescence are greatly influenced 
by the conditions under which fusion takes place, such as the relative 
pressures of oxygen and hydrogen. It appears that the radical change 
brought about in the luminescence by fusion is due to the fact that, 
during the heating, a part of the calcium fluoride, at least a thin surface 
layer is changed to calcium oxide, a conclusion verified by a chemical 
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analysis kindly made by Dr. Kilpatrick of the Department of Chemistry, 
Vassar College. In fact by powdering the natural material and heating 
it in an ordinary air-gas blast until the surface becomes oxidized, exactly 
the same changes can be produced which are brought about by fusion. 
A very satisfactory way of preparing the material for study in the cathode 
ray tube is to fuse the powdered fluorite in an oxy-gas flame and then to 
heat the surface further in an air-gas blast until more complete oxidation 
of the surface had taken place. 

From observations made upon these oxides, it appears that the relative 
intensities of lines and continuous bands depend upon the voltage applied 
to the tube, determined by the state of the vacuum, and upon the tem- 
perature of the specimen. In general, the lines come out most strongly 
and sharply at the high voltages, and the bands are most conspicuous 
at low voltages with higher current values. There is some evidence that 
the lines in the red end of the spectra are brought out by lower voltages 
than those of shorter wave-length and that raising the voltage applied 
to the tube pushes the continuous bands in the ultra-violet to shorter 
wave-lengths, but it is very difficult to tell just how much of the change 
is due to change in temperature under cathode-ray bombardment, and 
further experiments in which more accurate control of conditions is pos- 
sible are necessary before any conclusions may be drawn. 


PHoTO-ELECTRIC MEASUREMENTS OF SPECTROGRAMS 


In order to get some quantitative idea of the changes in relative in- 
tensity of different parts of the spectra brought about by fusion, some 
of the photographs of the spectra obtained were measured by means of a 
photo-electric cell apparatus used by Perrine’ and described briefly by 
Boardman.’ Light from a 100-watt lamp was brought to a focus upon a 
slit 2 mm by .25 mm, and after passing through a section 2.25 mmof 
the photographic plate, entered a Kunz photo-electric cell, connected in 
series with a Leeds and Northrup Type C galvanometer. Samples of 
the curves obtained are shown in Fig. 2. Curve A was obtained from a 
natural specimen and shows a broad luminescence. Curve B shows the 
corresponding spectrum of the fused specimen and indicates that the 
intensity of the broad band is relatively greatly reduced, while numerous 
narrow bands appear. 

IDENTIFICATION OF LINES 

Urbain gives data with regard to the spectra obtained by placing very 

small amounts of various rare earths in calcium fluorite, calcium oxide, 


4J. O. Perrine, Phys. Rev. 22, 48 (1923); J. Opt. Soc. Amer. 8, 321 (1924) 
5 L. J. Boardman, Phys. Rev. 20, 552 (1922) 
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and calcium sulfate. The same rare earth produced a different spectrum 
in each of these different substances. 

In order to test for rare earth impurities, specimen 1 was converted 
into calcium oxide by the method of heating described above, and some 
of the oxide was chemically converted into calcium sulfate. The spectra 
of these substances were observed visually and photographically and 
the results were compared with the spectra given by Urbain. The spec- 
trum of the natural crystal (Fig. 3, spectrum 1) showed only a few lines 
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Fig. 2. Transmission of spectrograms as a function of wave-length. A, luminescence 
of natural specimen; B, fused specimen. 


and those were Urbain’s strongest lines for samarium in calcium fluoride. 
The sulfate (Fig. 3, spectrum 3) showed a spectrum almost entirely 
due to dysprosium, and the oxide (Fig. 3, spectrum 4) gave a spectrum 
very rich in sharp, bright lines the most conspicuous of which in the 
visible region were due tosamarium. Dysprosium was also present as 
shown especially by the strong citron band of Urbain, europium lines 
came out weakly, and terbium and gadolinium lines were very con- 
spicuous in the ultra-violet. 


SPECTRA OF FUSED AND OXIDIZED SPECIMENS 


Since the lines in the fused and oxidized specimens are more numerous 
and are also very much brighter and more easily observed than those in 
the natural fluorites, the cathodo-luminescence spectra of the oxides 
prepared from different specimens were examined visually and photo- 
graphically for the purpose of detecting rare earth impurities. Table I 
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gives visual observations of the spectra of the five fused fluorites and the 
corresponding positions of crests observed by Urbain in the cathode ray 
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Fig. 3. Position and relative intensity of lines of various luminescence spectra. 
Dotted lines indicate diffuse bands. 
Spectrum 1, natural fluorite 





Spectrum 2, fluorite heated to 600°C 

Spectrum 3, calcium sulfate made from the fluorite 
Spectrum 4, calcium oxide from fluorite 

Spectrum 5, same as 4 diluted with CaO 
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Fig. 4. Comparison of prominent bands in spectra of fused fluorites Nos. 1, 2, 4, 5, 
with maxima of Urbain, Eu in CaO, Sm in CaO and Dy in CaO. 


luminescence of rare earths in calcium oxide. Fig. 4 shows the same com- 
parison graphically; the relative intensities of the narrow bands observed 
in specimens 1, 2, 4, and 5 are indicated by lines of different lengths; 
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TABLE I 


Visual observations of positions of narrow bands in the long wave-length end of the 
spectra of fused fluorites,* and corresponding maxima of Urbain for rare earths in CaO. 

vs. s, m, and d indicate relative intensities to be very strong, strong, a and 
dim; h indicates that the band is hazy or diffuse; all wave-le ages ven in A, 














Specit imen ) ra ~ Rar are sanetat in nC aO- 
No. 1 No. 2 No. 3 No. 4 No. 5 Data from Urbain 
6763 wd 6759 vd 
6754 d ‘2 6750s 
6740 d, h Sm 6749 m 
6675 ved 6670 d Dy 667 vd, h 
6665 m Sm 6669 m, h 
6601 m Sm 6605 s 
6612 d 6617 m 
6572 d 6568 vd Eu 6579 vd, h 
6556 m 6550 vd 6549 m {9 6545 vd 
Sm 65409 m, h 
6511 m Eu 651 9 d,h 
6522 d,h 6521 m 
6251s 6250 vs 6253 s Sm 6265 vs 
Eu 6245 s 
6156 s 6159 vd 6156 m 6153 s Eu 6155 m 
6150 s 6150 vs Sm 6150 vs 
6129 s 6129 wus 6129 s Eu 6128 vs 
6063 vd 6066 vd 6063 m 6062 s 6071 s ys 6065 vs 
Sm 6052 vs 
6045 ved Pr 6045 s 
5971 d 5974 m 5979 m 5977 h Eu 5979 m 
5931 d 5932 m 5935 m Eu 593 vs 
5898 d 5900 s 5900 m eo 5895 ss 
Tb 5897 vs 
5876 d 5878 d 5880 vd Tb 5878s 
Dy 5877 m, h 
5851 vs 5851 d 5850 vvs 5850 vvs Dy 5848 vvs 
5859 m Sm 5865 d, h 
5833 d 5834 vd 5833 vd 5829 vd Dy 5830 vs 
5805 d 5808 ved 5805 vd 5802 vd Dy 5805 m 
5783 vd 5779 ved 5782 ved 5780 vd Dy 5785 m 
Dy 5775 m 
5764 m Sm 5762 vs 
' Dy 5763 m 
5756 m, h 5757 m 5757 m, h 5756 s Dy 5752 m 
5721 vd Sm 5725 ? 
Tb S717 d 
5714 d 5712 vd Dy 5708 vs 
5683 d 5683 m, h 5686 m, h 5684 m 5681 vd Sm 5683 vs 
5650 d, h 5645 d, h Eu 5645 d 
5551 d, h 5548 vvd 5549 d,h Tb 5550 s, h 
Eu 5545 d 
5516 d, h 5521 d,h 5519 d, h Tb 5521 s,h 
5497 d,h Tb. 5495 vs, h 
5429 m 5430 s Tb 5438 s,h 
Tb 5425 s,h 
5411 d,h 5412 wed Th 540 9—539o 
max. of band 
5401 ved Eu 5401 vs 
5373 vd 5371 m, h Eu 5365 m 
5284 ved Eu 5285 m 
5181 ved Eu 5189 m, h 
5036 ved 5025 5010 Dy 5063-5009 d 
to to Dy 495-491 om,h 
4899 4866 Dy 490-4882 s,h 








* Wave-lengths longer than 6500 were obtained from photographic plates. 
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the solid black diagrams given for comparison indicate the bands due to 
europium, samarium, and dysprosium in calcium oxide as represented by 
Urbain. The correspondence between the maxima of Urbain and the 
bands in the fused fluorites is very striking. 

Table II gives a comparison of the positions of the bands in specimen 
4 determined photographically, with the maxima of bands observed by 
Urbain in the spectra of rare earths in calcium oxide. It will be observed 
that the dysprosium, terbium, and gadolinium bands are very prominent 
in this specimen. The bands on the photographic plates were extremely 
sharp and narrow, many of them no wider than the lines of the cadmium 
spark used for comparison. They appear to be narrower than those of 
Urbain. 

The spectroscopic observations on the various specimens lead to the 
following conclusions. 

Specimen 1. [Otten occurring in good, clear crystals having a green 
transmission color and blue photo-luminescence giving the material a 
blue-green appearance by daylight.] Spectrum lines from natural crystal 
principally due to samarium. The oxidized specimen shows strongest 
lines due to samarium and gadolinium. Terbium, dysprosium, and eu- 
ropium are also present. 

Specimen 2. [Sometimes occurring in clear, purple crystals but more 
often in imperfect, purplish-white masses.] The strongest lines in the 
fused specimen are due to europium and the relative brightness of these 
lines indicates, according to Urbain,® the presence of a relatively large 
amount. Samarium, dysprosium and gadolinium lines are also present 
but these are much less prominent. 

Specimen 3. [Found in clear, relatively good yellow crystals.] Spectrum 
of the oxide is similar to that of specimen 1 with a difference in the relative 
intensities of the lines. The strong ‘‘citron line’’ of dysprosium is by far 
the most conspicuous. Other lines show the presence of samarium, 
europium, gadolinium and terbium. 

Specimen 4. [A clear, green specimen from a monozite-bearing lode 
in Torrington, New South Wales.| Natural specimen shows conspicuous 
bands indicating the presence of terbium, dysprosium, erbium, gado- 
linium, and samarium. In the fused specimen, lines characteristic of 
these elements with the exception of erbium and with the addition of 
traces of europium. are present. The lines characteristic of gadolinium 
in calcium oxide and of gadolinium in calcium fluorite are present in 


the fused specimen indicating that both the oxide and fluoride must be 


6 Kayser, Spectroscopie, Vol. IV, p. 811 
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present in the fused specimen. The most conspicuous rare earth present 
is terbium. 


TABLE II 


Photographic observations of positions of narrow bands in the spectrum of fused fluorite 
No. 4 and corresponding maxima obtained by Urbain from rare earths in calcium oxide. 

















Fluorite Rare earths in CaO Fluorite Rare earths in CaO 
specimen 4 Data from Urbain specimen 4 Data from Urbain 
5683 s Dy 569 d,h 4336 ved Eu 433 vs, h 
Tb 5687 to 5602 h 4328 vod Eu 4315 m 
5654 d Dy 5660 to 5639 d, h 4307 vd Tb 4309 vd, h 
5560 m Th 5570 middle of band 4274 ved Eu 4275 m,h 
. Tb 5550 vs, h 4223 m Th 4229 m,n 
5528 m Tb 5521 vs,h 4213 m Tb 4219 s,n 
5506 m Tbh 5508 vs 4201 m Th 4200 vs 
5437 s Tb 5438 s,h 4193 m Th 4195 vs 
5409 vd Tbh 540-5399 max. of band | 4184 m Th 418 s 
5054 vd Dy 5063 to 500, d, h 4168 m Th 4169 vs, h 
5035 vd Dy 5039 d,h 4151 m,h 
4998 d 4144 m Tb 4145 m 
4976 d 4131 m Tb 413» vs 
4946 m Dy 4955 to 491om 4121d Tbh 4120 vs 
4927 d,h 4102 d Eu 4109 d,h 
4901 s Dy 4905 to 4882 4029 d, h 
Dy 4865 to 4825 4022 d,h Eu 4022 vd, h 
4850 m,br,h Th 4855 vs 3901 d,h Th 390 vs, h 
4832 d 3879 d,h Tb 3880 s,h 
4825 s Tbh 4825 m, h. 3806 m Tb 3805 s,h 
4800 s Dy 4797 s,h 3800 m 
4787 vd Tb 4785 to 4730 d, h 3794 m Tb 3795 to 378, vs, double 
4780 m 3781 m 
4767 m Dy 4770 d 3575 d 
4746 d Dy 4748 m, h 3372.7 d ; 
4719 d 3165 d Gd 3166 beginning of band 
4685 d,h,br Dy 4695 to 4665 h 3158.2 m Gd 3158.5 s 
4646 d 3155 m Gd 3155.5 m 
4624 vd Dy 4628h 3152.7 s Gd 3153.0 s 
4616 Tb 4629 to 4579 m 3146.2 vs Gd 3147 s,h 
to ; 3140.6 s Gd 3140.5 s 
4568 3135.3 s Gd 3134.0 vs 
4600 d,h Eu 456 indistinct maxi- 3129.4 d Gd 3130 end of band 
mum 3122.3 d 
4585 d,h 3120.2 s 3120 vs 
4545 m Dy 4540 m,h 3119.2 s 3118 vs 
4499 m Eu 4499 vs, h 3114.9 m Gd in CaFy < 3115 vs 
4481 m 3113.4d 13113 d 
4472 d Tb 4472 vs 3109.4 d (3110 d 
Eu 4466 vs, h 3093.2 m Gd 3094 m,h 
4457 vd Tb 4455 vs 3087.7 m Gd 3088.5 m, h 
4440 ud Tb 4449 m,h 2897.5 
4430 vd 2893 
4408 m Th 4419 m,h 2828.1 d Gd 2828d 
4393 s Th 4395 5 2797.3 vd 
4378 s Tbh 4370 vs, h 2790.7 vd Gd 2789 vd, h 
4368 s Tbh 4350 s | 2786.3 vd 
4344 s Tb 4340 d,h 











Specimen 5. [Material kindly furnished by the late Dr. Charles 
Baskerville; occurring in colorless and in brownish specimens.] The fused 
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specimens show only a few lines in the visible, most of which are due to 
samarium. There is also evidence of dysprosium and europium. Lines 
in the ultra-violet due to gadolinium are weak. Specimen shows bright 
green thermo-luminescence at comparatively low temperatures. 


DISCUSSION OF RESULTS 


The presence of gadolinium is evident in all of the above specimens 
as well as in all the other fluorites of which the spectra were photographed 
in the ultra-violet. The other most prevalent and conspicuous rare earths 
identified are samarium, europium, terbium and dysprosium. Prase- 
odymium appears to be present in some specimens. These results confirm 
the work of Urbain' who detected gadolinium in all the fluorites he ex- 
amined. In chlorophane (not from the same locality as that examined 
by the author) he found samarium, erbium, terbium and dysprosium; 
in other specimens, terbium, praseodymium, samarium and dysprosium. 
This work is also in agreement with the results of Tanaka,’ who, by an 
entirely different method, discovered the presence of samarium in samples 
of the same crystals as specimens 1 and 2 above. 

It is of interest to note that the five most common rare earths which 
exist as impurities in fluorite have atomic weights which do not differ 
widely among themselves: Sm, 150.4; Eu, 152; Gd, 157.3; Tb, 159.2; 
Dy, 162.5. These elements all produce, in calcium oxide as diluent, lines 
which are narrower and sharper and more numerous than those which 
they produce in calcium fluorite. The extreme sharpness and relatively 
high intensity of some of the fluorescence bands in the fused fluorites 
at room temperature make further study of them a subject of considerable 
interest. 

While the process of fusion and subsequent heating changes the bom- 
barded part of the specimen from calcium fluoride to calcium oxide, 
both the original fluoride and the resulting oxide are crystalline in form. 
According to a suggestion made by Dr. E. C. Mendenhall, the sharpness 
of the lines in the luminescence spectra of substances containing minute 
quantities of rare earths may be explained if we assume that an atom of 
rare earth replaces an atom of the material used as diluent and forms an 
integral part of the regular crystal lattice of this material, for its position 
in the crystal structure would place upon its vibrations such limitations 
as to account for the sharpness of the lines in the spectrum of the light 
produced. This assumption may also explain why the luminescence 
spectrum of a given rare earth in one diluent, such as calcium fluoride, 
is radically different from that of the same earth in another diluent, such 
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as calcium oxide,’ for the limitations placed upon the vibrations by one 
crystal lattice are probably different from those imposed by another. 

This work was begun at Cornell University during the summer of 
1921 when the author had the honor of holding the Sarah Berliner Re- 
search Fellowship, and it was finished at Vassar College during the year 
1923-24 with aid from the Ellen Richards Grant of the Association to 
aid Scientific Research by Women. Grateful acknowledgment is made of 
both sources of assistance. The sincere thanks of the author are expressed 
to the Department of Physics of Cornell, especially to Professor E. L. 
Nichols, at whose suggestion this work was undertaken. 

VASSAR COLLEGE, 

POUGHKEEPSIE, NEW YORK. ' 


7 Urbain, Ann. de Chemie et de Phys. (8) 18, 256 (1909) 
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NOTE ON ELECTRON THEORY OF THE HALL EFFECT 
By Leicu PAGE 


ABSTRACT 


Eldridge’s conclusion that a constant-free-path electron theory leads to a 
zero Hall effect is shown to be due to an error in approximation. The constant- 
free-path theory is found to lead to a normal (negative) Hall effect and to a 
decrease in resistance in both magnetic and electric fields. Therefore though 
it seems more rational than the usual theory, it is no more successful in ex- 
plaining the experimental results. 


N a recent paper! Eldridge has given a theory of the Hall effect in 

which he has supposed that the lengths of the free paths of the electrons 
in a metal remain unaltered when a magnetic field is applied. This as- 
sumption certainly seems more natural than the usual hypothesis that 
the free times between collisions are unaffected by the presence of a 
field. Eldridge concludes that if his assumption is accepted, together 
with the hypothesis that the initial velocities of electrons of the same free 
path are distributed uniformly in direction, the simple electron theory 
predicts a zero Hall coefficient in an isotropic conductor. Unfortunately 
he seems to have made an error in approximating which quite vitiates 
his conclusion. The error occurs in his expression (2) for the free time T 
in the presence of the field in terms of the free time 7» existing when no 
electric or magnetic field is at hand. For this expression, when carried 
to a higher order of approximation, is found to contain a term involving 
the product of the electric and magnetic fields which, when multiplied 
by the components of the initial velocities of the electrons in the direc- 
tion at right angles to the current, gives rise to terms of just the order 
under investigation and leads to a Hall effect of the same sign as that 
afforded by the simplest form of the electron theory. 

In the following analysis of the motion of an electron in mutually 
perpendicular electric and magnetic fields we adopt Eldridge’s assumption 
that the length of the curved path described in the presence of the fields 
is the same as that of the straight path which would have been followed 
in their absence. The analysis is carried through terms of the third order 
in the products of the field strengths to determine whether the present 
theory is any more successful than the constant-free-time theory in pre- 
dicting changes in resistance. 


1 Eldridge, Phys. Rev. 21, 131 (1923) 
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Let the magnetic field H have the direction of the Z axis, and the 
electric field E lie in the XY plane. Then if e9 is the charge and m the 
mass of the electron, and e=(eo/m)E, h=(e./mc)H, the equations of 
motion of the electron are 


d*x dy dy dx dz 
——mé@gth—, ——=¢,-h-—, ——-=0, 
dt? dt dt? dt dt? 
of which the solutions are 
Vo Vor 
“= (=4 ; <) (1—cos ht) 4) sin m+ 1, (1) 
= -*) (1 w+ (F+ ees, (2) 
y= —[ ——-— —cos h sin hi—— 
‘ h bh? h 
Z=Voe t ; (3) 


where voz, Yoy, Yoz are the three components of the initial velocity vo 
Expanding the trigonometrical terms in series, and retaining all terms 
through the third order in e and h, 


X=Vortt} (Cr th, )P+3(e,h—h'v92) Pb —gy(ech?+h*noy)ti . . . , (1’) 
Y =Voytt+3(ey—hvo2)l —} (exh +h, PB —ay(eyh?—hvo.)f . . ., (2’) 
2=Vo0:z J. (3’) 


Differentiating and adding dx’, dy* and dz*, the element of path dd 
is found to be 
t 2 
dX= vodl | t+¢y —+4(e?—e,?+h Xe: Vo) a 
Vo 


vor 
1 
a Cp (3e?—3e,? +3hXe- Vot h°x9" )= ae +o] ’ (4) 


where e, is the component of e parallel to vp. 

To find the free time this equation must be integrated and solved for ¢. 
Putting ¢) for the free time \/vo which would exist in the absence of both 
fields, it is found ‘ea 


to to” 
” v0 6 "V0" 


3 
= €p» (13e?—28¢e,?+ 13h Xe-Vo+ hx") tl ++ 9 | . (5) 
24 Vo* 

The second term differs in sign from that in the corresponding expres- 
sion obtained by Eldridge because he has denoted the charge on the 
electron by —e. The third term, however, Eldridge failed to include, 
although it is of the order of the effect which he is investigating. 

Substituting the free time (5) in (1’) and (2’), and calculating the cur- 
rents in the X and Y directions due to the m electrons of free path \ 
which start out per unit volume per unit time after suffering a collision, 
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Neolo” 1 eof 2 eorto? 
h sieuone [ et ae, + ~te EE, | , (6) 
3m 6 mc 15 m*n¢" 
a 1 eoto 2 eo°to* | 
i= Bynn om BE. °F, |. 7) 
" 3m ” 6 me 15 mv? . ( 


If the current is in the X direction, there will be a potential gradient 
in the Y direction given by 


1 eolo 
E,=-— dE: , 
6 mc 


which has the sign of the normal Hall effect given by the elementary 
theory. Putting this value of EZ, back in (6), the increase in resistance per 


unit resistance is seen to be 


24.2 24.2 
6bR 1 eo7lo rd eo'to® E?. (8) 
R 36 mc? 15 m0? 


Hence the theory predicts a decrease of reistance in either a magnetic 
or an electric field. The experiments of Patterson? show that the resist- 
ance is increased by a magnetic field, and those of Bridgman’ on the de- 
viation from Ohm’s law at high current densities show the same effect 
in the case of an electric field. Therefore the theory is as unsuccessful 
in accounting for resistance changes as in explaining the positive Hall 
coefficient which exists in the case of many metals. 

The constant-free-time theory is equally unable to explain the positive 
Hall coefficient and as van Everdingen‘ has shown, unless extraneous 
assumptions are introduced, it leads to the wrong sign for the change of 
resistance when a conductor is placed in a transverse magnetic field. 
A simple calculation shows that it leads to a zero second order change 
in resistance in the case of an electric field. 

If Eldridge’s hypothesis is modified to make the chord joining the ends 
of the curved path described by the electrons in crossed electric and mag- 
netic fields equal to the free path which would be followed in the absence 
of the fields, instead of the length of the arc, the theory is in no wise im- 
proved. While the numerical coefficients are somewhat changed, the signs 
of all terms remain the same, both in the expression for the Hall effect 
and in that for the change in resistance. 


SLOANE Puysics LABORATORY, 
YALE UNIVERSITY, 
May 22, 1924 





2 Patterson, Phil. Mag. 3, 643 (1902) 
3 Bridgman, Am. Acad. Arts and Sci. 57, 131 (1922) 
‘van Everdingen, Comm. Phys. Lab. Leiden, 1902, p. 72 
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NOTE ON ELECTRON THEORY OF THE HALL EFFECT 
By Joun A. ELDRIDGE 


ABSTRACT 


The error in approximation pointed out by Page merely affects the con- 
tribution of electrons moving at oblique angles to the field, but does not affect 
the main point of the previous paper which is that either a positive or a negative 
effect may be obtained by varying the velocity distribution among the 
electrons, there is no a priori reason for expecting one rather than the other. 


S pointed out by Professor Page, an error in approximation occurs 

in my paper on the Hall effect and my conclusion that the simple con- 
ditions assumed lead to a zero Hall effect is vitiated. However it must 
not be supposed that this weakens the main point which it was intended to 
make in that paper. In the old treatment of the effect all considerations 
appeared to lead to a negative Hall coefficient; the writer’s contribution 
was to show that, contrary to earlier views, certain groups of electrons 
(those with thermal velocities parallel to the electric field) gave a positive, 
other electrons a negative coefficient, so that there was no a priori reason 
for expecting the one rather than the other sign for the effect; either sign 
can be explained by proper choice of velocity distribution among the 
electrons.! The exact cancellation of the effects of these two groups was 
looked upon as rather fortuitous. Few assumptions of physics are so 
different from probable reality as the simple assumptions of conduction 
theory and it was felt that little weight should be given to the exact 
value of the coefficient obtained by such a theory. 

Accepting the correction of Professor Page, the exact values of the 
contribution to the Hall current made by electrons moving at oblique 
angles to the impressed electric field are changed somewhat; yet it still 
remains true that electrons moving in directions nearly parallel to the 
field give positive effects, and those moving in more transverse directions 
give negative effects. While it is true that with complete symmetry of 
path, as Page s hows, we get a negative effect, if we suppose, for example, 
electrons moving only in directions parallel to the three axes of coordin- 
ates and the electric field parallel to one axis, we get a positive coefficient, 

RESEARCH LABORATORY, GENERAL ELECTRIC COMPANY, 

July 7, 1924 


1 The primary current and, by the older theory, the Hall current are each proportion- 
al to the vector summation of the electron velocities. They may then be expressed as 
functions of each other (Hall current = Hi/ne) quite independent of the distribution of 
velocities. In the present theory the Hall current is shown to involve other powers than 
the first of the velocity (i.e. 1/7) and so the Hall current and primary current no longer 
show a functional relationship independent of v. 
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WEAK QUANTIZATION 


By PAUL EHRENFEST AND RICHARD C, TOLMAN 


ABSTRACT 


Quantization is called weak when a motion apparently allowed by the 
equation fpdq=nh, has less than the normal a-priori weight. It is believed 
that the deficiency in a-priori weight is taken over, either by neighboring 
classically allowed motions, or by neighboring strongly quantized motions when 
such are present in the region of the phase-space considered. Weak quantiza- 
tion is to be expected when uncertainties arise as to the period that should be 
used in determining the limits of the phase integral fpdg. Several cases 
are considered; (a) when the period is so long that there is considerable chance 
of interruption by a quantum transition; (b) when a system has two apparent 
periods, a long true period 7 and a short quasi-period 6; (c) when the periodicity 
is disturbed frequently in a fortuitous manner as by molecular collisions. In 
case (b), the tendency towards quantization with respect to T may be gradually 
replaced by quantization with respect to @ as T is lengthened, and then the prob- 
ability of quantum transitions which correspond to quantization with respect 
to T is weakened while that of transitions related to @ is strengthened. This 
suggests the possibility that the strengthening of the probability of transitions 
related to a period @ may be accompanied by a strengthening of quantization 
with respect to that period. 


OHR has called attention to the dangers of applying the simple rules 

of quantization in too naive a fashion, since there may be cases in 
which there is merely a tendency for the system to assume a particular 
motion apparently allowed by the quantum rules. It is the purpose of 
the following article to consider in a very tentative way a number of 
different conditions under which we may expect that a motion which is 
apparently allowed by the simple rules of quantization will not have the 
full normal probability of existence, and what results may be expected 
to come from such a ‘‘weakening”’ of the quantization. We desire to make 
no claim of originality for all of the considerations, but feel that their 
speculative interest justifies their collection in a single place. Some of the 
considerations may have a possible bearing on questions of specific heat, 
the occurrence of the symmetry factor in the chemical constant, the 
width of spectral lines and other matters of immediate concern. 

For simplicity of treatment we shall restrict our primary considerations 
to systems having a single degree of freedom, and since we shall wish 
to use the Bohr correspondence principle in the classification and dis- 
cussion of cases of weak quantization, we shall write the components 
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of the electric moment of the system under consideration as given by 
Fourier series of the form 

f= 2, C, (2rtwl+7,) (1) 
where 7 can assume all integral values, C; is the amplitude of the harmonic 
for a given value of 7, w is the frequency of the fundamental, and 7, is a 
phase angle. 

We may define weak quantization with the help of the idea of the 
a-priori probability of the different states of motion under consideration. 
In the classical mechanics, the a-priori probability was considered as 
spread uniformly over the whole gp phase-space used in describing the 
motion of the system in question. In the quantum theory the a-priori 
probability has usually been considered as concentrated and belonging 
solely to the quantized motions, each motion allowed by the quantum 
condition 

S pdq=nh (2) 
receiving the a-priori weight 4. We shall call the quantization weak in 
cases where a motion allowed by Eq. (2) has an a-priori weight less than 
the normal value h, and the quantization strong when the quantized 
motion has the full normal a-priori probability. 

Since it is usually, if not always, possible to arrive at a given condition 
of weak quantization by an adiabatic transformation from a suitably 
chosen condition of strong quantization, we shall feel inclined to expect 
that the decrease below the normal value in the a-priori probability of a 
weakly quantized motion is taken over by other motions of the system. 
We may distinguish two cases, those in which the a-priori probability 
lost by the strictly quantized motion is taken over by the neighboring non- 
quantized but classically allowed motions, and those in which the a-priori 
probability is taken over by neighboring strictly quantized motions. 
We shall find examples of both kinds. 

We may now proceed to consider cases of weak quantization, classifying 
and discussing them with: the help of statements as to the magnitudes 
of the quantities w and C; occurring in Eq. (1). 

Case I (Radio oscillator). The period T=1/w is long and one or more 
values of C, are large, for all motions in the region of the phase-space under 
consideration. 

Our present simple rules of quantization, for example in the Wilson- 
Sommerfeld form given by Eq. (2), are obviously devised solely for ap- 
plication to periodic motions, since the limits of the integration are de- 
termined by the period. It is evident, however, that even quantized 
motions are not rigorously periodic since they are interrupted by sudden 
transitions to other quantum states. Nevertheless if these interruptions 
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occur only infrequently, we shall have no hesitation in applying the simple 
rules of quantization by treating the motions as though they were strictly 
periodic. On the other hand, we should not expect to find strong quantiza- 
tion if the frequency of such transitions should become large enough to 
be of the same order of magnitude as the frequency of the motion itself. 
In accordance with the correspondence principle, however, the prob- 
ability of a given transition in which the quantum number changes by r+ 
will be large when the corresponding Fourier coefficient C; is large, hence 
we shall expect weak quantization for motions with large values of C; 
and small values of w, or somewhat generally for motions of large ampli- 
tude and low frequency. Moreover, we shall expect the tendency towards 
weak quantization to increase with the ratio ¢{C;)/w, where ¢(C,) may 
be roughly regarded as symbolizing the frequency of transition and w 
is the frequency of the motion. 

In the cases now under consideration, the ratio ¢(C,)/w is taken as 
large for all motions in the general region of the phase-space under con- 
sideration. Hence there are no strongly quantized motions in this region 
of the phase-space, and the defect in a-priori probability below the 
normal value for strictly quantized motions may be regarded as taken 
over by classically allowed motions in the same general neighborhood. 

It should be noted that in extreme cases where ¢(C;)/w becomes very 
large, our considerations lead to a complete replacement of the quantum 
theory treatment of the phenomenon in question by the classical treat- 
ment. For example in the clase of slow oscillations of radio frequency 
in a Hertzian oscillator, it would seem to be in the spirit of Bohr's 
thought to say, not merely that the classical picture of the phenomenon 
may be used for purposes of computation because the quanta hy have 
become too small to be appreciable, but rather to say that the classical 
picture actually ought to be used because the motion is really not quant- 
ized at all. 

An interesting possibility arises in connection with the specific heat of 
systems of molecules, since both for oscillation and rotation we shall 
expect the ratio ¢(C;)/wto be greater for higher quantum states than 
for lower states, and hence the quantization to be weakened in the higher 
states. This will make the specific heat of such systems approach the 
classical value with rising temperature quicker than is predicted by the 
usual quantum theory treatments. It seems probable that deviations 
actually arising from this source would usually be extremely small. 

Case II (Alternating rotator). The true period T=1/w is long, but the 
motion has a short quasi-period 6=T/F. C, is large only when r= 
éF(¢=1,2,3... .). 
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We shall now consider systems of one degree of freedom in which there 
is a competition for quantization between two periods, a long true period 
T after which the system again traces out exactly the same set of motions, 
and a short quasi-period 6, after which the system has completely 
returned to its earlier state, with the single exception that it is nearer to 
the end of the long period 7. 

To fix our attention, we may use as a simple example! of such systems 
an alternating rotator, which consists of a rigid electric dipole turning 
about its axis in a field free from force. The period of the rotation is @, 
but a kinematic arrangement is provided so that at intervals of period 
T = Fé (where F is a large number), the direction of rotation is abruptly 
reversed by an elastic collision. The quantization of such a motion with 
the help of Eq. (2) leads to the following paradox. If we use the short 
quasi-period @ for determining the limits of the phase integral /pdq, 
we obtain permitted values of the angular momentum which lie far apart, 
while if we use the longer period 7 the permitted values of the angular 
momentum lie very near together. Since the two methods of quantiza- 
tion do not lead to the same result, we must make a choice as to which 
period to use and should feel obliged to quantize using T since it is the 
true period. If now, however, we make T longer and longer, by changing 
the setting of the reversing mechanism so as to increase the number F 
of short periods contained in the true period, the values of the angular 
momentum allowed by our selected method of quantization get nearer 
and nearer together, and yet at the limit F= ~ we feel certain that the 
values which lie far apart as allowed by the other method of quantization 
are the correct ones. 

To elucidate this paradox,! one can call attention to the fact that, 
even though we take 7 as the correct period of quantization, a Fourier 
analysis of the motion will lead to values of C,; which are extremely 
small unless r= F, and thus the only quantum jumps of any importance 
will be those in which the angular momentum changes by an amount 
which would be allowed if we took @ as the correct period for quantization. 
Hence, even if we quantize using 7 as the correct period, it is evident that 
a system of such rotators started in the state of zero rotation and allowed 
to interact with thermal radiation, would be found distributed, after a 
time which is long but not too long, in the same way as would be predicted 
on the assumption that @ is the correct period for quantization. 

This treatment of the paradox is evidently only partially satisfactory. 
It makes the arrival of the state of quantization which we feel sure to be 


1 Ehrenfest and Breit, Zeits. f. Phys. 9, 207 (1922) 
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the correct one dependent on the starting of the rotators in a particular 
way and it leads to the disappearance of this state of quantization in time 
provided only one waits long enough. 

In consonance with the spirit of our present considerations,’ a further 
contribution to the resolution of the paradox is possible. As already 
pointed out, the quantum conditions, given by Eq. (2), are devised for 
application to rigorously periodic motions, and yet are actually applied to 
motions which are periodic only for a time and are then interrupted by 
quantum transitions. This has already led us in the previous section to 
the conclusion that we can not usually expect strong quantization for 
motions of very long periods, since such motions would too often be 
interrupted by the transitions. We now call attention to the following 
additional conclusion. Since the quantum conditions are in any case 
applied to motions which are not rigorously periodic, being interrupted at 
times by the quantum transitions, we may further expect under suitable 
circumstances that the quantum conditions will also apply to a con- 
siderable extent to motions which are not rigorously periodic for other 
reasons than the interruptions produced by the Sudden quantum transi- 
tions. 

The application of these considerations to the above paradox is obvious. 
At the limit, F= @, the so-called true period T is only a fictitious period 
since the motion is interrupted very frequently by quantum transitions, 
while the so-called quasi-period 6, although not a true period, may 
nevertheless repeat itself many times before interruption either by a 
quantum transition or by the elastic reflection. Under the circum- 
stances we expect without further uncertainty that at the limit, the 
quantization will be determined solely by the period @. 

In intermediate situations, where the periods T and 6 are of the same 
order of magnitude, we seem led to the conclusion that both periods must 
be considered in the quantization. The a-priori probability belonging to 
the whole gp space will tend to concentrate at the levels allowed by both 
methods of quantization, and as F is made greater and greater, the 
quantization corresponding to the long period 7 will get weaker and 
weaker, and there will be a continuous transfer of a-priori probability 
from the quantum levels allowed by period T to those allowed by period 0. 

It is interesting to note that in the case of the weak quantization of the 
radio-oscillator which we considered in the previous section, the a-priori 
probability lost by the quantized motions is taken up by neighboring 
classical motions, since all quantized motions in the given region of phase- 


2 See Bohr, Zeits. f. Physik., 13, 152 (1923) 
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space are weakened. In the present case of the alternating rotator, the 
two types of quantized motion are in the same region of the phase-space, 
and the a-priori probability lost by one set of quantized motions is 
gained by the other set of quantized motions. 

Case III (The gallows problem). The true period T=1/w is long, but 
the motion has a short quasi-period @ which, however, is slowly and continu- 
ously varying. 

A somewhat different model will furnish an example of another class of 
systems. Consider the electric dipole as hung (from a gallows) on a string 
which gradually twists up, bringing the dipole ultimately to rest and then 
reversing the motion. The system thus has two periods, a long true 
period 7, and a short quasi-period @, which, however, varies in duration 
in different parts of the long period. If we use the true period T for 
determining the quantization we obtain permitted motions (ellipses in the 
phase-space) in which the angular momentum varies through the period 
as the string twists up, and the permitted quantum levels lie close 
together. If now, moreover, we make the string weaker and weaker and 
still quantize with respect to period T, the quantum levels come closer 
and closer together, and the angular momentum continues to vary in a 
continuous manner as the string twists up. Yet at the limit when the 
restoring force of the string becomes zero we know that the quantum 
levels must lie far apart and the angular momentum can only have the 
constant values nh/27, as determined by the usual rules of quantization 
for rotators. 

From the point of view of the present article, the paradox is again 
solved by the fact that quantization with respect to the true period T 
becomes completely washed out when T is made very long compared with 
the probable interval between quantum jumps. In addition we are led 
to the presumptive belief that as T is made longer the system tends to 
become quantized with respect to the quasi-period @ in spite of the fact 
that this quasi-period does not become truly a constant until the limit is 
reached. In terms of a-priori probability, quantization with respect to 
the variable quasi-period 6, means that the phase points tend to crowd 
into those regions where the angular momentum is a multiple of 4/27, 
and this tendency will be the greater the longer is T and the shorter and 
more nearly constant is 0. 

Case IV (Disturbed orbits). The period T =1/w is not a true period since 
the motion is disturbed by accidental causes such as molecular collisions. 

By the considerations of the last two sections we have felt led to the 
belief that the rules of quantization must-often have considerable applica- 


3 See Ehrenfest and Breit loc. cit.! 
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bility to motions which are not rigorously periodic. Even when the devia- 
tions from true periodicity are of a fortuitous nature, we shall nevertheless 
expect a tendency for the phase points to crowd into those regions of the 
phase-space which correspond to the quantization of truly periodic 
motions with which the actual nearly periodic motions are in approxi- 
mate coincidence for a considerable length of time. 

As a matter of fact the emission and absorption of definite although 
broadened spectral lines by molecules which are subjected to frequent 
collisions, as studied for example in the experiments of Fiichtbauer and 
his associates,‘ does furnish evidence of a strong tendency to quantization, 
in spite of the fact that the complete periodicity of the internal motions is 
irregularly disturbed by the fields from neighboring molecules. The 
broadening of the lines may be regarded as mainly due to the changes 
in the energy levels of the emitting or absorbing molecule by the fields 
from the colliding molecules. A certain further broadening might also 
arise from the weakening of the quantization which presumably accom- 
panies the disturbances in strict periodicity. This latter effect, however, 
may easily be negligible owing to the shortness in the period of internal 
motion compared with the period between collisions.® 

Case V (The symmetrical rotator). C,=0 unless r=io, where i 1s any 
integer and a is the ‘‘symmetry factor.”’ 

We desire finally to consider a very interesting and somewhat puzzling 
class of periodic motions, where there is no reason to expect weakened 
quantization due to interruption of the period by too frequent quantum 
transitions, but where the coefficients C,; have such values that unit 
change in quantum number is excluded and the only possible transitions 
are those in which the quantum number changes by a multiple of a 
certain number o called the symmetry factor. Under these circumstances, 
if we start a set of molecules all in one given quantum state and allow it to 
interact with thermal radiation, then at any later time it is evident the 
molecules will be distributed in certain quantum states but not in all 
quantum states, since states for which the quantum numbers differ from 
the original by a number which is not a multiple of ¢ will not have been 
filled. This suggests the interesting possibility that here also we may 
really be dealing with a case of weak quantization, so that the quota of 
molecules in certain quantum levels is missing because of weakened 
quantization. 

* See for example, Fiichtbauer, Joos and Dinkelacker, Ann. der Phys. 71, 204 (1923) 

* From our present point of view, the “‘natural’’ width of a spectral line from station- 
ary isolated molecules would be due to the small ‘‘natural’’ weakening in quantization 


which accompanies the interruption in strict periodicity produced by the quantum 
transitions themselves. 
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In order to fix our attention on simple examples, we may consider 
rigid rotators carrying electric charges which are symmetrically placed so 
that rotation through the angle 27/¢ will return the rotator to an equiv- 
alent position. In analogy to the name dipole for the unsymmetrical 
rotator (HCI) formed with a positive and negative charge diametrically 
opposite each other, we may call the symmetrical rotators quadrupoles 
(Hz) [o =2], hexapoles (CH;C1) [¢ =3], etc. according to the submultiple 
of 27 necessary for the return toan equivalent position. It is evident that 
the Fourier analysis which would be given by the classical theory for the 
radiation® accompanying such a rotation would have the values of C; =0 
unless 7 is a multiple of o, so that quantum transitions in which the 
quantum number does not change by a multiple of ¢ will be ruled out by 
the correspondence principle. Thus for a quadrupole only transitions can 
take place in which the quantum number changes by an even number, for 
a hexapole the change must be a multiple of three, etc. 

Let us now consider for simplicity a gas composed of quadrupoles all of 
which are started in the state of zero rotation, and are then subjected to 
the action of radiant energy, for example diatomic hydrogen started in 
the adsorbed or cystalline state, and then exposed to radiant energy of 
some definite temperature. Then it is evident from the exclusion of odd 
changes in quantum number, that at any later time all the quadrupoles 
will have values of their angular momentum which are even multiples of 
(h/2r).? 

This result suggests the possible conclusion that symmetrical rotators 
can in general only assume values of the angular momentum equal to 
onh/2zx and that the a-priori probability, which for unsymmetrical rota- 
tors belongs equally to all quantum levels, has for symmetrical rotators 
been given only to the favored levels. It also suggests the possibility 


6 In passing it should be noted that in the case of symmetrical rotators we can no 
longer use the Fourier analysis of the electric moment of the rotator as a sufficiently 
close approximation for determining in accordance with classical theory the amplitudes 
of the emitted harmonics. For a symmetrical rotator, the electric moment remains 
permanently zero, and the second order terms usually neglected must be considered in 
calculating the amplitudes of the harmonics. This means that even those values of 
the coefficients C; which do not disappear for symmetrical rotators have nevertheless 
extremely small values, so that the quantum transitions still allowed have a very 
small probability of occurrence. Hence for example, the transitions of Ha from one 
rotational state to another must be very infrequent as compared with the similar 
transitions of HCl. Nevertheless, the known facts concerning the energy content of 
He gas at low temperature seem to confirm our general view that the rotational states of 
quantization do exist and transitions from one state to another do take place. 


7 This neglects the possibility that molecules arrive in the odd quantum states by 
some nmiechanism of molecular collision. 
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that, accompanying a gradual change from an unsymmetrical to a sym- 
metrical rotator, we should find a gradual weakening in the quantization 
of certain levels, with a transfer of a-priori probability to the remaining 
levels. 

In the two previous cases in which we encountered the gradual transfer 
of a-priori probability from one set of quantum levels to another, we found 
that the limiting condition arrived at could itself be regarded as a new 
strong quantization using a different period for determining the limits of 
the quantum integral. This would also be true if we should accept the 
conclusion suggested above. If for a symmetrical rotator, we take 0 
and 22/¢ as the limits of integration instead of 0 and 27 we should again 
arrive at the same conclusion that the angular momentum could only 
assume values equal to onh/2z, the justification for the limit 27/o¢ being 
of course that at this angle the electromagnetic field conditions have 
identically repeated themselves, making this the limit to what we might 
naturally consider the period. 

It should also be pointed out that the introduction of the symmetry 
factor in such a way as to reduce the number of quantum levels which can 
be occupied by symmetrical gaseous molecules, would apparently be in 
agreement with the introduction of the symmetry factor by Ehrenfest and 
Trkal® in such a way as to reduce the volume of the gamma-space {} 
corresponding to symmetrical gaseous molecules. 

At present it would seem premature to make the definite assertion that 
the rotation of symmetrical molecules is to be quantized using the period 
0 to 2x/¢ instead of 0 to 27, and the possibility of such a conclusion is 
proposed only as a question for further discussion. It must be pointed 
out, nevertheless, how naturally the consideration of our five successive 
cases would lead to the above conclusion. In case the conclusion should 
be accepted, it is interesting to note that we should have now apparently 
found a case in which weak quantization arises from the fact that the 
quantum transitions in and out of a particular quantum state occur too 
seldom rather than too frequently. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 
April 1924.° 


8 Ehrenfest and Trkal, Proc. Amsterdam Akad. 23, 162 (1920); Ann. der Phys. 65, 
609 (1921) 
® Received May 10, 1924—Ed. 
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ADVANCED POTENTIALS AND THEIR APPLICATION 


ATOMIC MODELS 


By Le1cH PAGE 


ABSTRACT 


Generalized emission theory of electromagnetic fields assuming advanced 
as well as retarded potentials.—In order to reconcile electromagnetic theory 
with radiationless orbits, Nordstrom suggested the possibility of the fields of elec- 
trons being half retarded and half advanced, instead of being wholly retarded 
as usually assumed. On the emission theory this would mean that each elec- 
tron is the focus of converging streams of moving elements which pass through 
it undeflected. Simple one-way series for the simultaneous potentials and 
intensities due to such a point charge are developed, and it is shown that all 
damping terms disappear and that the electron is capable of describing a radia- 
tionless orbit of the Bohr type, while the mass reaction is the same as for the 
customary retarded field. The radiation emitted during a full period vanishes, 
since the converging waves which constitute the advanced portion of the 
field bring the electron as much energy as it loses by the emission of diverging 
retarded waves. Nevertheless fluctuations of energy would take place during 
each period, and the converging and diverging waves should combine to form 
standing waves. The absence of any evidence for such waves constitutes a 
serious objection to the theory. 


INTRODUCTION 


HE first postulate of the Bohr theory assumes that in the stationary 
states of anatomic or molecular structure the laws of electrodynamics 
hold good with the exception of the emission of radiation and the atten- 
dant radiation reaction which the classical theory, as generally inter- 
preted, requires whenever an electron or other charged particle describes 
As second order effects deduced from the electromagnetic 
equations are retained in describing the motions of the electrons inside the 
atom, it seems not altogether consistent to discard third order effects. 
A path out of the dilemma has been suggested by Nordstrom,’ who 
shows that if the field of a charged particle is half retarded and half 
advanced, instead of being wholly retarded as usually assumed, Maxwell’s 
equations remain valid and the net energy radiated by an electron in 
describing a periodic orbit vanishes. The same suggestion was proposed 
by Lunn at the Wisconsin colloquium in 1922. 
The object of this paper is to make a more detailed examination of 
fields of the type specified above. First, advanced fields and fields which 
are half retarded and half advanced will be interpreted from the point 


1 Proc. Acad. Amsterdam, 22, 145, (1920) 
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of view of the emission theory. Second, simple one-way series for the 
simultaneous retarded and advanced potentials and field strengths of a 
point charge will be deduced, and it will be shown that if the field of the 
electron is half retarded and half advanced all terms in its dynamical 
equation involving odd time derivatives of the acceleration vanish, and 
hence there are no damping reactions, while even terms such as the mass 
reaction retain their accustomed value. Third, the radiation field will be 
investigated. 

While the retarded potentials ordinarily employed in describing the 
field of a point charge at P specify the field at a point O and time ¢ in 
terms of the relative position and velocity of the charge at the point R 
which it occupied at the previous time ¢—[r],/c, where [r], is the distance 
OR, the advanced potentials specify the field in terms of the position and 
velocity of the charge at the point A which it will occupy at the future 
time ¢+[r]./c, where [7], is the distance OA. The point R may be termed 
the effective retarded position of the charge for determination of the 
field at O at the time ¢, A the effective advanced position. While the 
advanced potentials, as well as the retarded potentials, satisfy the electro- 
magnetic equations, the former have generally been discarded for the 
reason that it has been more in accord with the trend of scientific intuition 
to consider that the present is determined by the past course of events 
than by the future. However, if it is once admitted that the present state 
is uniquely determined by any past state, it follows that the future is 
also so determined, and hence the employment of a future as well as a 
past state in specifying the present marks no inherent departure from 
our accustomed methods of description, while it may find much justifica- 
tion in the simplicity which it introduces into the formulation of physical 
laws. In fact, in the second postulate or frequency condition of the Bohr 
theory, this type of formulation is already current. For Bohr’s hypothesis 
makes the frequency of the radiation emitted by an electron during a 
transition from one stable orbit to another depend equally upon the 
energy of the orbit which it has left and that of the orbit toward which 
it is progressing.? Furthermore, from the point of view of the represen- 
tation of the life history of a particle by its world line as used in the rela- 
tivity theory, it would seem no less logical to describe the field due to an 
electron in terms of the portion of its world line extending forward in 
time than to describe it in terms of the portion extending backward. 

2 If it is admitted that absorption is the inverse of emission the necessity of making 
use of the energy of an orbit to be occupied in the future in computing the frequency 
cannot be avoided by assuming that in the process of emission the electron does not 


actually radiate energy until it is in its final orbit. For then absorption would have to 
occur in the initial orbit. 
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1. GENERALIZATION OF EMISSION THEORY TO INCLUDE 
ADVANCED FIELDS 


The emission theory* assumes that a charge is the source of discon- 
tinuities or moving elements projected uniformly outward in all directions 
with the velocity of light. A line of electric force is defined as the locus 
of all moving elements emitted in a single direction. It has been shown 
that this representation leads unambiguously to the electromagnetic 
equations and to the retarded potentials of Lienard for a point charge.‘ 
Now suppose that is is assumed that a point charge, instead of being a 
source, is a sink, toward which streams of moving elements are converging 
uniformly with the velocity of light. Defining a line of electric force as 
the locus of all moving elements which have the same direction of motion 
when incident upon the charge—the direction being determined in the 
inertial system in which the charge is momentarily at rest—the field 
strengths and potentials at a point O and time ¢ can be deduced from 
purely kinematical considerations. As they are determined by the posi- 
tion and motion of the charge at a time ¢+[r],/c they are advanced. 

The method of deducing the advanced field strengths and potentials is 
so analogous to that for the corresponding retarded quantities which 
exist when the charge is assumed to be a source instead of a sink, that it is 
unnecessary to give the derivation in detail. In fact the method is pre- 
cisely that given in Chapter II of the book already referred to’ provided 
the direction of the velocity c of the moving elements is reversed so as to 
make them converge to the point charge instead of diverging from it. 
The results of the analysis, given in Heaviside-Lorentz rational units, are: 





E.= — men {ett x fe—v})xeb ] : (1) 
L4rr*k*c(1—c-v/c*)’ 3 a 
H,=c XE/c 
4 e rk? . 
- Fee rere Cosma ex{itxfe-v})xe} }] , (2) 





where the appended subscript a denotes that the quantities within the 
brackets refer to the effective advanced position of the point charge. 
The letter v stands for the velocity of the charge e, f for its acceleration, 
and k=1/(1—v*/c?). 

If advanced scalar and vector potentials are defined by 


e 
a= J 3 
. Seer A (3) 


~ § Leigh Page, Amer. Jour. Sci. 38, 169 (1914); 
_ Trans. Conn. Acad. Arts and Sci. 26, 213 (1924) _ 
‘Leigh Page, Introduction to Electrodynamics, Ginn arid Co., 1922; Chapter “tef- 
erences are to this book. 
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ev 
a.=| |. (4) 
4mcr(1—c-v/c*)d, 
then — So o (5) 
H.=VXa. , (6) 


as may easily be verified by direct differentiation. 

That E, and H, satisfy the field equations may be shown by precisely 
the same method as is used in Chapter V‘ for the retarded field strengths. 

Now suppose that half the charge e gives rise to a retarded field and 
half to an advanced field. Then the charge emits moving elements at the 
same rateasitabsorbsthem. Inother words, the charge is merely the focus 
of uniformly converging streams of moving elements which pass through it 
undeflected and then diverge fromit. The kinematical representation of the 
field has many points of resemblance to Langmuir’s unpublished quantel 
theory. 
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Fig. 1 
2. SIMULTANEOUS POTENTIALS AND INTENSITIES 


We wish to find the simultaneous potentials at the origin O (Fig. 1) 
at the time ¢ due to a point charge e which occupies the point P at this 
time, the codrdinates of P being x, y, z. Let R be the effective retarded 
position of the charge and A the effective advanced position. Then if 
e, is the portion of the charge giving rise to a retarded field, and e, the 
portion giving rise to an advanced field, the scalar potentials ¢ and vector 


potentials a are 
er 1 ? 
-=— | ——| , 7 
. 4dr Loree), "7 


-= |__| (8) 
oF, Lra—r/ode’ 
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or 2 7 0) 
a,= —_——- 

4nc Lr(1+7/c)4,’ 

a - (10) 
a.= —— | , 

4nc (1 —#/o). a 


where the quantities in brackets are retarded or advanced depending 
upon whether the subscript 7 or a is appended. 

Put r=r/c, tr=[r],/c, ta=[r]a/c. Then by Taylor’s theorem, 
(-— 1)*-! (n—1 ) 
—— 7™ 


n—1 
meat ¢ Tr i (11) 


init ada Sila +s <e 


The solution of the set of equations obtained by giving m all positive 
integral values, published previously,° are 





a aw Ce 
m+1 2(m-+ 2) 
m 
—1 n—-1 D1 m+n—1 wen 
Me n—1!m+n—1 (r ) 


where D indicates differentiation with respect to the time, or in equiva- 
lent form 
(<1) 


= 5 tell (™er-1)... © (12) 


7," = 7m — am r+4D(7" 72) oe 


Moreover, if f is any function of the time, 


—1)*-1 , 
( ) — D»-2 (fr"-1) a (13) 





[fle=f—fr+4D(fr?). - + 
n—1! 
the method of proof being that used for r, in the paper just referred to.® 
The series expansions of the advanced quantities 7% and [f], differ 
from (12) and (13) only in that all the terms are positive instead of al- 
ternately positive and negative. 
Now consider the expression 


ae hg bares eee 
r(it¢s/c)d, Lr rer\cs | r\c i 
which appears as the retarded factor in the scalar potential ¢,. 


5 Leigh Page, Phys. Rev. 20, 18 (1922) 


*Leigh Page, loc. cit.5 p. 21, eq. (8). Due to a typographical error 7, appears on 
the left hand side of this equation instead of rf,. 
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Putting y=1/r for the moment, and making use of (13), 














1 2 “i a bongs m—2 m—1 s 6 « 
Frwer7) aemecateas Dy) + a D»-*{7"—1Dy} 
—yDr+rD(yDr)* - wks ) 7 Pt *D(yDr) | cee 
4+yDr a oe (oe sans )\ ‘~~ s 
m—3 ! 
_ ' fue ; ; 7 ae Se ee ea 
=y—D(ry)+3D%(r?y)* °° = =i! ; een * 





oan 3 EGY 0 


Similarly the retarded factor in the x component of the vector potential 
a, is 


ictal AOS 
oY ow 


and expanding the advanced potentials by exactly the same method 


acral ort) 3} - 
1 m1 J 
eer pn (2) : i 7 
acral HOY 
1 r\"-! x 
a p-4 (2) } “+ 7 


Now if half the charge gives rise to a retarded field and half to an 
advanced field, the even numbered terms in (14) and (15) being of op- 
posite sign cancel, and 


ee Orme OMe a Me 


In like manner (15) and (17) combine to give 


one (“+\() : a ga “)” > J.» 
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Now E = —Vo¢—a/c=Vp¢—a/c 
H=VoXa=—V>pXa, 
where the subscripts O and P denote differentiation at the points O and 
P respectively. 
Therefore 


0 10 
E,=—¢o—-- — a; ° 
Ox c él 


Carrying out the differentiation with —_— to x it is found that 


ss (=)+; ( ‘D} “ ~—p(« vt-(*) f)° > 
eel r’ 2c? . _ in 
‘ 2m—3 P2n- (3 .2(m—1) oh} (<)" oe ¥ \ (20) 
2(m—1)! c2(m—1) r2\x ’ 
sy—ys 3 i 
(2)+50({o-+}) 


D2m-2 y2m—1 sy— A .2¢ 21 
2(m—1)! c%("—-) ( sila }) \ . (21) 


These simultaneous expansions of the electric and magnetic intensities 
have the advantage of being in a form such that each term is of a single 
order of magnitude specified by the exponent of the factor 1/c. Thus 
the first term in (20) is the zeroth order term specifying the electrostatic 
field, the second term is of the second order and is responsible for the 
mass reaction, etc. As here written the series apply to the case where 
the field is half retarded and half advanced. If the field is taken to be 
wholly retarded, odd order terms of the same form and with negative 
signs must be added, whereas if the field is wholly advanced, the same 
odd order terms with positive signs must be introduced. 

The reaction on the electron of its own field may be most easily 
calculated relative to the inertial system in which the electron is momen- 
tarily at rest. Thus the mass reaction is obtained from the second order 
term in (20) and is the same whether the field is retarded, advanced, or 
partly retarded and partly advanced. Performing the indicated dif- 
ferentiation with respect to the time, this second order term is seen to be 


. e 
4z22>= rs 
8rc? 


—_{ 42% 
8rce*l r rr 











where f is the acceleration and 7 has been put equal to zero since the 
electron is at rest. If the electron is assumed to be a uniformly charged 
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spherical shell of radius a relative to the system in which it is momen- 
tarily at rest (Lorentz electron), this gives for the mass reaction the 
familiar expression — (e*/6xac?)f. 

Now the damping terms in the expression for the reaction on the 
electron of its own field are those involving the odd derivatives of the 
acceleration f. From a consideration of dimensions alone it is clear 
that these terms must contain odd powers of 1/c, that is, they must 
have their origin in the odd order terms in the expansion of the electric 
intensity. But all the odd order terms are missing from (20). 7herefore, 
if the field of each element of charge of which the electron is composed ts half 
retarded and half advanced, there are no damping terms of any order whatso- 
ever in the dynamical equation. Therefore an electron of this type can 
describe a periodic orbit such as is postulated in the Bohr theory. Further- 
more these statements are true even if the distribution of charge in the 
electron is not the simple uniform surface distribution assumed by 
Lorentz. 

It has been noted that equations (20) and (21) may be applied to the 
case of wholly retarded or wholly advanced fields provided the missing 
odd order terms are reinstated. For instance, the so-called radiation 
reaction is due to the third order term 


oss 1 f/r\?*) oe os 
Ez3= #——p(wn\—(“) t) =+—x=+ f. 
127c* r?\x 6rc*® 6rc*® 


where the upper sign is to be taken in the case of retarded fields and the 
lower signs in the case of advanced fields. When integrated over the 
electron this term gives rise to the reaction + (e2/6mc*)f, which as is well 
known, is independent of the shape or distribution of charge of the 


particle. If the field is retarded, this reaction constitutes a damping term 
in the equation of motion, resulting in irreversible dissipation of energy, 
whereas if the field is advanced, the charge in sign makes it an ac- 
celerating term leading to an increase in energy of the moving particle. 

By selecting the appropriate term in (20) the reaction on the electron 
of any order may be calculated by a simple integration.’ 


3. THE RADIATION FIELD 


We wish to investigate the field at a point P at a distance from the orbit 
of the electron very great compared to the dimensions of the orbit itself. 
Choose some fixed point O in the neighborhood of the orbit (the nucleus 
of the atom, for instance) as origin, and denote by M a unit vector in the 


ah Integration formulas for the Lorentz electron have been published in Phys. Rev. 
11, 394 (1918) anne 
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direction OP. The terms in the expression (1) for the advanced electric 
intensity and in the corresponding expression for the retarded electric 
intensity which vary with the inverse square of the distance will be 
insignificant compared to those which vary with the inverse first power. 
Therefore both E, and E, at P are perpendicular to M and 
H,=MxXE,, H.= —MxXE.,. 
The Poynting flux is 
s=cEXH=c(E,+E.)x{Mx(E,—E,)} =c(E?—E,2)M. 

Now, if half the charge gives rise to a retarded field and half to an 
advanced field, expression (1) for the advanced electric intensity differs 
from the corresponding expression for the retarded electric intensity 
only in the sign of the vectors c and v. That is, E, is obtained from E, 
by reversing the direction of the flow of time. Therefore during a com- 
plete period of the motion of the electron, E,? goes through the same 
cycle of values as E,? and the total energy passing through a unit cross 
section during this time vanishes. At any instant, however, E,? and E,? 
are not in general equal, and therefore there are back and forth fluctua- 
tions of energy. For this reason it cannot be concluded from the fact that 
the net radiation during a full period vanishes that the damping and ac- 
celerating terms in the equation of motion are at all times zero. It is 
necessary rather to carry out the analysis in section (2). 

While simple series for the advanced field strength at a great distance 
from the charge may be deduced by the same method as has been pre- 
viously published for the retarded field, it will be sufficient in the sub- 
sequent discussion to make use of the first approximation obtained by 
neglecting v as compared with cin (1). Hence 

E, = (e/8zrc*){ [f],xM} <M, (22) 
E, = (e/87rc?){ [f],.xM} XM. (23) 
and, to a first approximation, the flux of energy is 
s = (e°/64n°r*c*) { [f.7],—[f2le}M, (24) 
where f, is the normal component. 

This expression consists of a positive and a negative term. The positive 
term represents the irreversible fadiation of energy from the half of the 
charge which gives rise to a retarded field. The negative term represents 
an absorption of energy converging on the half of the charge which is 
responsible for the advanced field. In fact a net radiation of energy 
during a full period of the motion has been obviated by superimposing 
on the diverging wave system radiated out from the electron on the 
classical theory a system of converging waves bringing energy in to the 
electron from the outermost confines of space. These two sets of progres- 
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sive waves traveling in opposite directions give rise to standing waves, 
and therein lies the chief difficulty with the theory. For these standing 
waves would be expected to cause a second electron over which they 
might pass to oscillate, and such oscillations would be expected to lead 
to detectable effects. 

The standing waves can be illustrated very simply in the case of a 
charge executing linear simple harmonic vibrations. Let P be on the 
perpendicular bisector of the line of vibration. Then 

[fl-=A cos{ w(t—r/c)+6}, 

[fla=A cos{ w(t+r/c)+5}, 
E =(eA/4rrc*)cos(r/c)cos(wt+ 4), 
H =(eA/4rrc*)sin(r/c)sin(wt+ 4). 

Having obtained a set of potentials and intensities which are con- 
sistent with the classical differential equations of the electromagnetic 
field and which explain the possibility of motion in a periodic orbit 
without radiation, the question arises as to how radiation or absorption 
may occur during transitions from one stationary orbit to another. An 
answer which the preceding investigation suggests at once is that the 
retarded and advanced portions of the charge of the electron may not 
remain coincident during a transition. It is clear from (24) that if these 


two portions of the charge describe similar orbits of different sizes about 
the nucleus with the same frequency, emission exceeds or falls below 
absorption according as the retarded or the advanced portion of the 
charge describes the orbit of greater size. 


SLOANE LABORATORY, 
YALE UNIVERSITY, 
May 19. 1924. 





H. FLETCHER AND J. C. STEINBERG 


THE DEPENDENCE OF THE LOUDNESS OF A COMPLEX 
SOUND UPON THE ENERGY IN THE VARIOUS FREQUENCY 
REGIONS OF THE SOUND 


By H. FLETCHER AND J. C. STEINBERG 


ABSTRACT 


Two complex sounds were studied, one with a continuous energy frequency 
spectrum corresponding to connected speech, the other a test tone having dis- 
crete frequency components. By means of filters the energy was removed from 
all frequencies either above or below a certain frequency, and the resulting 
decrease in loudness was measured by attenuating the original sound without 
distortion until equal in loudness to the filtered sound. Taking the average 
results for six observers, this decrease was found to depend on the absolute 
values of the loudness. For a loudness of 22 units above threshold, each 
frequency region contributes to loudness in proportion to the energy in that 
region weighted according to the threshold energy for that frequency. For a 
loudness above 30 units, however, this is no longer true, because of the non- 
linear character of the response of the ear. By assuming each frequency 
region contributes in proportion to a fractional power of the weighted energy of 
that region, values of the total loudness in agreement with observed values are 
obtained if proper values are taken for the fractional power, decreasing to 
1/3 as the loudness increases to 100 units. 


INTRODUCTION 


HE interpretation of speech is dependent among other things upon 


the loudness with which it is received and upon the loudness of such 


interfering noises as are present. Jn general, when speech is reproduced, 
it suffers a certain amount of distortion, because of the inefficiency 
characteristic of the apparatus. In considering the interpretation of the 
reproduced speech it is necessary to know the effect of the distortion 
upon the loudness of the speech and of the interfering noises. 

This paper gives the results of an investigation to determine the de- 
pendence of the loudness of a complex sound upon its frequency-energy 
spectrum. Energy as used here refers to the sound energy flowing into 
the ear, corresponding to a pressure variation at the opening of the ear 
canal. By means of high and low pass filter systems, the energy in any 
particular frequency region was removed from the complex sound. The 
decrease in loudness due to the removal was measured by distortionlessly 
attenuating the original sound until its loudness was equal to that of the 
filtered sound. This experimental procedure was adopted because ex- 
perience has shown that the ear can judge equality of loudness much 
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more accurately than it can judge differences in loudness. Two types 
of sounds were experimented with; one having a so-called continuous 
energy frequency spectrum and one having a spectrum consisting of 
discrete frequency components. 

It is evident that the effect of distortion upon loudness depends upon 
the distribution of sound energy as perceived by the ear. Our early ex- 
periments along this line indicated that the nature of this dependence 
was rather complex. When dealing with speech it was found that for 
calculating the effective loudness loss a in sensation units' due to intro- 
ducing loudness losses a at each frequency, where the value of a depends 
upon the frequency an empirical formula of the type 


1io* wf G(n)10 dn (1) 


0 


would represent the experimental results. From the definition of the 


, ee : , —a/10 
sensation unit,? the fractional energy loss is 10 “ 


and consequently 
the use of the above formula involved a summation of the cube root of 
the energy rather than the energy. The form of the function G(m) was 
obtained empirically from the experimental data and may be considered 
as a weighting factor. It was found that no formula involving the sum- 
mation of the energy rather than the cube root of the energy was ade- 
quate. 


Although the use of this formula enabled the calculation of the loudness 


of speech coming from various types of telephone systems, the situation 
was somewhat puzzling and unsatisfactory from the fundamental stand- 
point of trying to understand how we hear. Furthermore, it was not 
known whether the formula could be used for sounds other than speech. 

For these reasons improved apparatus was designed and the earlier 
experiments repeated, using other complex sounds as well as speech. 
It was then found that to fit these new data different roots and weighting 
factors depending upon the intensity and character of the sound were 
required in the formula given above. Under conditions similar to those 
in the earlier experiments, the results were essentially the same as those 
originally obtained. As the work went on, it became apparent that the 
non-linear character of the ear transmitting mechanism was playing an 
important part in determining the loudness of complex tones. 

1See H_ Fletcher, Jour. Frank. Inst., 194, 289, (Sept. 1923). 


2 In telephone engineering this is called a transmission unit and is usually designated 


by the letters T. U. 
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DESCRIPTION OF METHOD AND APPARATUS 


The circuit used for making the comparisons was a modification of the 
high quality telephone system which has been described elsewhere.’ 
A schematic arrangement of it is shown in Fig. 1. The overall response- 
characteristic of the system, excluding the branch containing the filters 
was approximately uniform. That is, the relative distribution of pressure. 
at the transmitter diaphragm did not differ appreciably from that in the 
ear canal when the receiver was held against the ear. 

The circuit could be closed through either of the two branches, which 
differ only in that one contains a filter. The filter removed all audible 
frequency components above or below a given cut-off frequency, the 
remainder of the frequency range being passed without appreciable 
loss. By means of the potentiometer, designed as A, Fig. 1, the un- 











A 


CONDENSER 
eaaraee POTENTIOMETER = RECEIVER 
5, _|omurier AMPLIFIER 1) 


+ t_ POTENTIOMETER 


FILTER a 







































































Fig. 1. Circuit used to determine effect of a filter in loudness. 


modified output of the first amplifier could be distertionlessly attenuated 
until the sound produced by it was judged to be equally loud to that 
produced by the filtered output. The potentiometer was calibrated in 
sensation units or the logarithm of the number of times the pressure 
variation in the ear canal had been decreased. 

Different observers differed in their judgment as to when two complex 
sounds were equally loud, particularly if the sounds being compared 
differed widely in character. Our experience indicated that for the types 
of sounds employed here, the average of the potentiometer readings 
obtained by six or seven observers gave a sufficiently accurate value for 
our purpose. In what follows, it is understood that we are dealing with 
such an average value. 

The results are given on two complex sounds which are considered 
typical. They are referred to as ‘‘speech”’ and ‘‘test tone’’ and have pres- 
sure spectra as shown in Figs. 2A and 3. The pressure spectrum of speech 
was obtained from the average energy. distribution as determined by 
Crandall and Mackenzie,‘ by taking the square roots of the average 


3H. Fletcher, Jour. Frank. Inst. 193, 729 (June 1922). 
‘Crandall and Mackenzie, Phys. Rev. 19, 221 (March 1922). 
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energies at 100 cycles and its harmonics. The value given for the energy 
at any frequency is an average of fifty measurements made on a specimen 
of connected speech. The test tone was that produced by the type 3-A 
audiometer,* an instrument designed to make rapid tests of the degree 
of hearing. 


SPECTRUM OF TEST TONE 
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Fig. 2A. Pressure-frequency spectrum of test tone of type 3-A audiometer. 
Fig. 2B. Relative loudness of each component of the test tone. 

As mentioned above, the effect of inserting the filter depends upon the 
intensity of the unfiltered sounds. For this reason results were obtained 
at various intensities. The changes in intensity were made in such a way 
that each component was changed the same fractional amount so that 
the sound spectrum in the outer ear canal was changed only in size and 
not in form. The pressure is expressed in dynes per square centimeter. 


°H. Fletcher, Volta Rev. Jan. 1924. (The audiometer is referred to as type 3 in 
this paper). 
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EXPERIMENTAL RESULTS 


The two solid curves in Fig. 4 were obtained with the test tone at an 
intensity corresponding to a root mean square pressure variation in the 
ear canal of 2.96107? dynes per square centimeter. The minimum 
audible pressure for this tone is 2.43 X 10-* dynes per square centimeter 
so that the level of the tone was 21.8 sensation units above the threshold, 
or about one-fifth of the way up to the feeling point on a sensation scale. 
The x-axis gives the cut-off frequency of the filter. The y-axis gives the 
percentage of unfiltered energy equal in loudness to the filtered energy. 
These percentages were obtained from the average potentiometer readings 
for the filters. The high pass filter curve shows the observed percentages 
for filters that pass only frequency components above the cut-off fre- 
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Fig. 3. Pressure-frequency spectrum of undistorted connected speech. 


quency. In the case of the low pass filter curve, the filters pass only 
those frequency components below the cut-off frequency. For example, 
the point (1000, 22) means that when all frequencies above 1000 cycles 
are eliminated, the unfiltered sound must be reduced in intensity to 
22 per cent of its original value before it is equal in loudness to the filtered 
sound. It is seen that the curves intersect at approximately 50 per cent 
and that the sum of their ordinates for any cut-off frequency is approx- 
imately 100 per cent. , 

When the intensity of the tone was increased without distortion to a 
greater value and the experiments repeated, the solid curves shown on 
Figs. 5 and 6 were obiained. . 

It is seen that the intersection points of the two curves for these cases 
correspond to a much lower percent than 50 and are shifted toward the 
low frequences. It isevident from these charts that the energy spectrum 
stimulating the nerve terminals is very different in the three cases even 
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though the shapes of the waves leaving the receiver diaphragm are un- 
changed. In Figs. 7 and 8 similar curves are given for the case of average 
speech. 


FORMULATION OF AN EMPIRICAL EQUATION FOR COMPUTING 
LoupDNEss LOssEs 


If we were to plot the percentage of the total energy passed by the filters 
as a function of the cut-off frequency, we would obtain curves which would 
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intersect at 50 per cent and the sum of whose ordinates would be 
100 per cent. The curves would be the same irrespective of the absolute 
value of the total energy. If we plot the proper root of the observed 
percentages in the case of the loudness curves, we can make them inter- 
sect at 50 per cent and it so happens that the sum of their ordinates is 
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approximately 100 per cent. The dotted curves shown in the figures 

mentioned above were obtained in this way. If we desire to adopt the 

idea that each frequency component in the external sound ‘wave con- 

tributes an integral amount to the resultant loudness, in such a way that 

the component parts can be summed to give the resultant loudness, the 

fractional loss can be empirically represented by an equation of the type 
bas (Wy Ex)* 


wt pe he 2 
. f=1 (Exo)® @) 


The summation is taken over all the components. y is the fractional 
decrease in the undistorted sound necessary to make it sound equally 
loud to the distorted sound. E and Ep, are the energies in each com- 
ponent before and after the distortion. The weight factor W and the 
exponential constant b can be determined from the experimental data. 

For no distortion, that is, when E;= Exo, 


yi=t=>) Wi? (3) 


1 
For the filters used in these experiments E;, may be considered zero in 
the attenuated range and equal to Ex» in the unattenuated range of fre- 
quencies, so that for the low pass filter 


7 
y,°=>. (Wi)! (4) 


where k’ is the the unattenuated component. 
Similarly for the high pass filter 


Vn b= (Wx)? (5) 
” 
where k’ is the last unattenuated component. 
For any two complementary filters 


k’ n 
yu +9a'= Di Wit) W.°=1 (6) 


This equation must hold regardless of the weight factor function W,- 
This means that the sum of the ordinates for the two curves for any 
abscissa must be unity. If thisis not true, the empirical equation assumed 
is not adequate. Also, at the intersection point, yz =yxz, so that 


yb=1/2 or b=log }/log y (7) 
which is sufficient to determine the constant b. 


The exponent given on each of the charts was obtained from this 
equation and is seen to vary from 1/3 to 1. 
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An empirical formula similar to Eq. (2) modified to fit a continuous 
spectrum is 


y= f (WE/Eo)® dn. (8) 
0 
For the filter experiments this reduces to 


nite f W'dn and yar= fi W "dn (9) 


0 ms 
where m, and mz are the cut-off frequencies for low pass and high pass 
filters respectively. 

It is seen from these equations that the weight factor can be obtained 
by taking the slope ot either of the high or low pass filter curves. Thus 
for computing the loss of loudness of speech coming from a telephone 
receiver due to attenuating certain frequency regions, the formula 


ye ff (WE/E,)"8dn (10) 
0 


can be used when the loudness is in the important intensity range used 
in practice. The function W'’* is the slope of either of the dotted curves 
shown in Fig. 8 and y is the fractional energy reduction in the undistorted 
speech required to make it equal in loudness to the distorted speech. 
This formula is equivalent to that given in Eq. (1) if @ and a are defined 
by 

y=10°*"" and E/E,=10°"”. 

This formula has an important engineering application and this dis- 
cussion indicates what limitations must be imposed upon its use. It is 
strictly empirical in nature and applies only to speech at loudness levels 
in the range between 70 and 100 units. 


COMPARISON OF OBSERVED AND CALCULATED VALUES 


In order to test this formula, the loss in loudness was computed when 
different types of resonant net-works are introduced into an otherwise 
distortionless system. The losses at each frequency for six different 
resonant systems are shown by the six curves in Fig. 9. The table gives 
the calculated and observed loudness losses tor these systems. The 
observed values are averages taken by several observers. 

When the experimental measurement of the effective loss produced 
by such resonant networks is made at lower levels, the losses are smaller. 
Using the weighting factor functions derived from the experimental data 
for these lower levels taken with the filters, the curve on Fig. 10 was 
calculated. The averages obtained by several observers are shown by 
the circles. These data were obtained with the resonant system No. 1, 
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having the response characteristic shown in Fig. 9. It is seen that the 
loss in sensation units at the low intensity levels is only about one-half 
that at the higher levels. 


DISCUSSION 
For the case shown in Fig. 4, some important conclusions concerning 
hearing can be drawn. 
There is a great deal of evidence that the elastic members taking part 
in the transmission of sound to the inner ear fail to obey Hooke’s law 
when the intensity of the sound becomes sufficiently great.* Evidence 


FIG.9. LOSS CURVES OF RESONANT SYSTEMS AND EFFECTIVE 
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obtained in our laboratory indicates that this non-linearity begins some- 
where between 20-40 sensation units above the threshold for the most 
useful range of frequencies. For very low frequencies, the non-linearity 
begins even at the lower levels. For those very near the lower pitch 
limit of audibility, it is probable that the non-linearity begins before the 
tone is audible. For most sounds below 30 sensation units the spectrum 
in the inner ear can be obtained from the spectrum in the outer ear by 


6R. L. Wegel and C. E. Lane, Phys. Rev. 23, 266 (1924) ° 
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multiplying the ordinates by the relative loss produced by the ear trans- 
mitting mechanism, that is, by the relative sensitivity of the ear for 
various frequencies. The necessary data for doing this are available.’ 
If this is done for the sound spectrum shown in Fig. 2A the spectrum in 
Fig. 2B is obtained. The fractional part of the energy eliminated from 
this inner ear spectrum by the various filter combinations is shown by 
the dotted lines in Fig. 4. It is seen that they practically coincide with 
the solid lines representing the observed data. From the agreement be- 
tween these experimental and calculated curves, it is concluded that at low 
intensities the contribution of a small frequency region to loudness is pro- 
portional to the energy contained in the frequency region weighted according 
to the reciprocal of the minimum audible energy for that frequency region. 
The total loudness may be obtained by summing the contributions throughout 
the frequency range. 

For these low intensities then, the empirical formulas (2) and (6) 
become, 


y=)" (WAE/Ey) and mj (W,E/E») dn 
: 0 


where, now, the weighting factor W, has a definite physical meaning, 
for it is the fraction of the total energy in the inner spectrum that is carried 
by the kth component. It can easily be computed from the sound spec- 
trum in air. 

It is probable that these same formulas will hold for all levels except 
those very near the threshold if W; is given this interpretation. However, 
for loudness levels greater than 30 sensation units the problem of com- 
puting such an inner ear spectrum becomes very much involved and will 
not be discussed here. 

For the present the empirical formulas given above can be used for 
the important case of speech. However, it is interesting to notice what 
is taking place qualitatively at the higher levels. When the intensity 
becomes great enough, non-linear distortion occurs. The net result of 
the distortion is to bring into greater prominence the lower frequency 
regions of the sound. It is thus seen that changes in the intensity of a 
complex sound are accompanied not only by changes in loudness but also 
by changes in the character of the sensation. This undoubtedly is also 
true for single frequency tones, although perhaps not to such a noticeable 
extent. These considerations have an important application in con- 
sidering the interpretation of speech at different intensities. 


7H. Fletcher and R. L. Wegel, Phys. Rev. 19, 553 (1922). 
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It has probably been noticed that when dealing with speech, loudness 
losses were measured by changing the intensity of speech, and that when | 


dealing with the test tone, the losses were measured by changing the 


intensity of the test tone. It has also probably been realized that the | 
losses thus measured are not directly comparable, and that we have dealt { 
. . ° ° ry ' 
with loudness in a very specialized way. The methods were adopted 
because of their use in telephony and also because sufficient fundamental 
data were not available to formulate more general relations. These data 
have now been obtained, and it is expected that a paper dealing with 
loudness in a much more general way will soon be ready. 
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